Bifurcation of elliptical equilibria
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It is shown that a bifurcation of the equilibrium solutions for straight elliptical plasma columns with a diffuse
current profile exists for a suitable choice of the currents in the external conductors.

Theoretical and experimental studies' ® have shown the
possibility of improving on 8 and stability in tokamaks by
elongating the plasma cross section. In the large aspect
ratio approximation, the equilibrium problem of elonga-
ted configurations reduces to the analysis of an elliptical
plasma column in an external magnetic field produced by
four conductors located symmetrically around the plas-
ma, at a distance d very large compared with the char-
acteristic transverse dimension of the plasma (@®+ b% <
d?, see Fig. 1), carrying currents I, and -1, (Refs.

4 -6).

In the case where I, = 1,, for a constant longitudinal
current density model, Strauss* has found that the elli-
ptical equilibrium is not uniquely determined by the
boundary conditions, giving rise to two classes of con-
figurations with different semi-axes ratios (b/a), for
given values of the parameters (external currents, ex-
cluded poloidal flux, etc.). One class is characterized
by b/a< 2.9 and the other by /2> 2.9, The elongation
which separates the two classes corresponds to a bifur-
cation point in parameter space, and it has been shown
by Thyagaraja and Haas" to correspond to a threshold
for an m = 2 (poloidal number) secular instability for the
Strauss model.

Thomas and Haas,® using numerical techniques, have
looked for a bifurcation point in the case of a peaked
current profile, without finding it, since the separatrix
enters the plasma before reaching bifurcation at the
elongation of b/a=:2.1.

In the present case we have considered the same mod-
el of Thomas and Haas analytically, allowing I, to be dif-
ferent from I,. Then, the z component of the potential
vector of the conductors A, = ¥, near the origin of the
coordinate system may be written as

.
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FIG. 1. Elliptic equilibrium and coordinate system.
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20, + 1) g4, -1, r’
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D oz v’ cos 26+ P E cos46+ 0O 7)) (1)
Inside the plasma A, = ¢, is governed by the equation
47
vzwpl == '?'Jz ’ (2)

and outside the plasma, A,= ¥, must satisfy the equation
Vi,= 0. 3)

In order to solve Eq. (2) we make the hypothesis that
the current density is such that 47j,/c = k2},,, which
corresponds to a diffuse current profile. Our boundary
conditions at the plasma-vacuum interface will be Y=
$, =0 and V¢; = V§,. Then, in elliptic coordinates &, 6
[ = (@ cosh i1 cos 6)/2; y = (a sinh 4 sin 6)/2], the general
solutions of (2) and (3), which are symmetric with re-
spect to the axis of the ellipse, are

©

prl = z: Cznsez’,(q, H)Jezn(q; “') s (4)
n=Q
Yp=Ay+ AL+ Z [A,, sinh 2n(u - 1)
ns1
+ E,,cosh2n(p - )| cos2nb , (5)

where g = 0?k®/16, u, D;, A;, E;are constants and Se,,»
Je,, are the even angular and radial Mathieu functions of
order 2n, respectively. If we choose, as the boundary
contour, an ellipse p =y, then in solution (4) only one
harmonic should be considered and in solution (5), E,;

= 0. Avoiding zeros in the angular part of ¢,;, the so-
lutions are

=Doseo(qy e)io(qy H-)
Seold, 7/2)d,0(q, 0) 7

‘ppl (6)

Yo=A (1= po)+ D Ay, sinh 2n(u - po)cos 216, (n

n=1

with u, corresponding to the first zero of J,,(q, i).
Here, we have changed the normalizing factor in such a
way that ¢, (x=y=0)=D,. Equating the normal deriva-
tives of the two solutions at i = {,, and using the Four-
ier expansion for

©

Seolq, 6) = Z B{?(g)cos 26,

n=Q
the following relations can be obtained

D B GqM:y(g, o) _ (8)
Seo(q, ”/Z)Jeo(q, 0) v

D B (D24, ty)
Seola, 1/2),,(q, 0)

= 24,, (9)
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DQB?)(CI)JQQ((], “'o) - 44

Seold, 1/2)dio(q, 0~ —% (10)

where the prime means the first derivative with respect
to . Following Strauss,* matching at a large distance
from the plasma (u > ,) and also sufficiently far from
the conductors, the first term in the expansion of ¢,
with the corresponding term of ¢, implies

Ay = (I, +1,)o? 40 /4cd? | (11)
and substituting in Eq. (9), we obtain
8 + 1) _ BY @Wio(¥, 1) (12)

cd’k*D " 4S.o(q, 1/2M,4(g, 0) °

We have numerically evaluated expression (12) as a
function of ¢, and plotted it versus the elongation of the
equilibrium (which is a function of ¢) (see Fig. 2).

As can be seen from Fig. 2, assuming ({, + 1,), 4 and
E? fixed, the transcendental equation (12} admits solu-
tions only for values of D, greater than a certain D 4,.
For Dy>Dmin, there are two possible values of g which
correspond to different values of u, and different elon-
gations. The two equilibria correspond to the same val-
ues of the excluded poloidal flux and the semi-axes are
well determined if %® is specified. For D,= D, there is
only one solution of Eq. (12), corresponding to ¢ = 4.88,
1o =0.39, and b/a = 2.6, which can be interpreted as a
bifurcation point.

If one considers the next term in the Taylor expansion
of ¥, and matches it with the corresponding term of y,,
the following relation must be satisfied

A, = (a*e™°/128cd )1, - 1,). (13)
Using Egs. (9), (10), (11) and the relation o%e?"°/4 =
(a+ b)Y, it is possible to obtain
(@+ b _BP(q)
4, -1,) 142 ‘E%(Iﬁ'lz)- (14)

Bf,")/Bg’) is always negative and is an increasing function
of g (for example, see Ref. 8). At the bifurcation point
BY/BO~_2/9 and we see that at the plasma boundary
the cos 46-term in the ¢, expansion must be about —1/9
of the cos26-term. Since we keep I, +I, positive, this

8(L+[,)
cd’’0,
176 v

0 P
1 267 b/

FIG. 2. Plot of 8(I1+Iz)/cd2k2D versus b/a for a diffuse cur-
rent profile.
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implies that to elongate the cross-section /, must be in-
creased and I, reduced (and for large elongation, re-
versed). For instance, at the bifurcation point, for a
realistic value of (a+ b)?/d* = 8/45, it follows that I, ~
-21,/3.

In previous studies on the subject,*”®I, has been con-
sidered to be equal to I,. With the present model, this
implies that the boundary contour cannot be an ellipse,
and ¥, must be a superposition of various Mathieu har-
monics. In this case we assume that ¢, is given by

_DSe0(@, Oegld, 1)
Seola, 1/2),4(q, 0)

prl + 61%1(0, I‘L), (15)

where 6¢,,(6, 1) is a perturbation solution which becomes
important near pu, where J,,= 0. Correspondingly, ¥,
must be of the general form given in (5), with E,=-A_,
If we assume that the boundary contour is of the type

W=y +0u cos 20, we can express the boundary condi-
tions as

9
_L;p}ll oo O COS 26+ Py luiug
9y
=a_:I“=“°6“ 0526+ Yyluz uo= 0. (16)

Up to terms in cos 46 for ¢,, condition (16) gives

Ag+ A+ 0uA, =0,
A 6u+2A,+ E, =0,
A,0p-A,=0,

From the last equation we obtain 6u = A,/A,; an esti-
mate of A,/A, can be obtained by equating the normal
derivatives of ¢, and ¥, at u = u,. At zero order in the
perturbation, this gives

61 ~BY (¢)/2B9 (g),

from which it results that 6y is negative and increases
with ¢ (Ref. 8). At the bifurcation point 6u ~-0.1, and
correspondingly, &/a = cosh (i1,— 6i)/sinh (1, + 61)~ 2.
Thus, the absence of the cos 46 term reduces the elon-
gation of the configuration.

It has been shown that, by a suitable choice of the cur-
rent in the external conductors, a bifurcation of the eq-
uilibrium solutions for an elliptical plasma column with
a diffuse current profile in an external quadrupole mag-
netic field exists, and occurs at b/a = 2,67, which is
lower than the value corresponding to the flat current
model.* The requirement of reversing I, and increasing
I, in elongating the plasma cross section avoids the con-
tact of the separatrix with the plasma, as was the case
in the numerical work of Thomas and Haas® for I, = I,
and allows the attainment of elongations greater than
b/a=2.1.

It has also been shown that for I, identical to I,, the
boundary contour cannot be an ellipse, but should re-
semble a rhomboidal ellipse. In that case, the ratio of
the semi-axes corresponding to the bifurcation should
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be sharply reduced to a value of about 2. It is interest-
ing to note that for I, = I,, and for a 6-function distribu-
tion of the axial current density, there is no bifurcation
as shown by Papaloizou et al.®: Since this distribution
corresponds to the particular case for » tending to in-
finity, of the general assumption j,« ¢}, and taking into
account the fact that for n = 0 there is bifurcation of the
equilibrium, they inferred that there should be a criti-
cal value of n above which bifurcation cannot occur.
From our results, it can be concluded that this critical
value should be greater than one.

b

An interesting observation that arises from the pres-
ent work is that in order to obtain large elongation, it
is necessary to push the plasma from all sides with dif-
ferent degrees of compression.
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