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Abstract—In this work the .rsion law is expanded in a power series of the frequency up to the 
third order; for this. ju p  diffusion theory is used. In this manner the nuclear parameters of
this approximat'on ca:i oe'related with the experimental observables in a closed and definite form. Also 
a model is developed that predicts the existance of an asymptotic progagation mode even in the 
presence of control rods; this model permits one to calcúlate the wave front and the dispersión law. 
The models are compared with experiments done in a highly compact system with 90 % Z35U enriched 
uranium fuel and H aO moderator.

I. INTRODUCTION 

T he neu trón  wave p ropagation  technique has 
advanced considerably in the last years, and  is 
proving to  be an  excellent too l to  study m ultiplying 
and  m oderating  assemblies. (Perez and  U hrig , 
1967; G olay, 1969; Q uddus et a l ,  1969; W ag n er, 
1970; Shani, 1970; D oshi and  M iley, 1970; 
R itchie and  W hittlestone 1973).

I f  the  assem bly is excited w ith  a  neu trón  source 
o f  the type:

S  = S 0 + S 1e í,<’t

a t  o n e  o f  its  faces, it c an  b e  d e m o n s tra te d  th a t  th e  
flux a d m its  d a m p e d  w av e-ty p e  so lu tio n s :

<j> =  *0 +  

w here  z  is th e  p ro p a g a tin g  d irec tio n .
In  general it can  be show n (M IC H A E L  and 

M O O R E , 1968) th a t:

p2 (a  +  j í f  = a 2 -  í 2 +  2 afy  

adm its a pow er series expansión :

a? — | 2 =  m0 +  m2 w2 + . . .

2 a ;  =  mxw — m 3w3 +  . . .

where the rrii depend on th e  nuclear constan ts, the 
dim ensions and  th e  shape o f  the assem bly.

A n excellent reference to  the previous w ork in  this 
field can  be found  in th e  paper o f Perez and  U hrig  
(1967); the advantages o f  th is  technique and  its 
relation  to  o ther techniques can  be seen in the 
w ork  o f  M ichael And M oore.
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In  the  present w ork  the  m i a re  related  to  the 
nuclear param eters in  a closed fo rm , so th a t we 
can determ ine these as a  function  o f  experim ental 
d a ta  alone. F o r  th is analysis tw o group  diffusion 
theory  is used. In  this way the resuls o f W agner 
(1970) are  generalised.

T he p ropagation  o f  waves o r  pulses in hetero- 
genous m ultiplying assemblies was studied by 
Q uddus et al. (1969)) and  by C orno  (1965); in 
b o th  cases the heterogeneity consited o f  fuel rods 
in a m oderator.

In  th e  present w ork  the  neu trón  wave p ropaga­
tion  problem  is discussed in a bare  m ultiplying 
assem bly in w hich the heterogeneity com prised 
con tro l ro d s ; fo r th is tw o group  diffusion theory  is 
used. I t is dem onstrated  th a t there  is still an  as­
ym pto tic  p ropagation  m ode w ith th e  wave fron t 
d isto rted  by th e  presence o f th e  contro l ro d s ; 
these results a re  extenced to  th e  m ultig roup  diffu­
sion theory  form alism .

T he m odels a re  used to  in terpre t experim ents 
done in a  highly com pact subcritical assem bly, 
w ith 90%  235U enriched uran ium  as fuel.

II. THEORY
(a). Neutrón Wave Propagation in a Bare Sub­

critical Assem bly W ithout Control Rods 
(a .l) . Two- group diffusion theory. F o r  an  assembly 
defined by an  infinite p rism  w ith p ropaga tion  along 
the z axis, solutions are  proposed  o f  th e  form :

t i  =  r ^ ^ j O e ^ V ” ' (1)

h  =  r  2 (f>±(xy )eT pze jwt (2)

fo r th e  fast and  therm al fluxes, respectively; T j 
and  r2 are  th e  respective am plitudes and  <1> L (xy) 
is the transverse flux d istribution .



If w is large with respect to the precursor decay 
constants, the neutrón balance equations give the 
following equation for p:

r{Bx2 ~  p2) ■J
wll

+  £ [ L \ b 2 -  m0) +  1]

1 +  * i( l -  P ,/ \

x [L2(B 2 -  p2) +  1 +  j w l 2] -  K  =  0 (3)

where and B £  are, respecíively, the transverse 
fast and thermal bucklings and the other terms 
are:
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(4) If we invert equations (9), (10) and (11): 
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1
+ ( 12)

2> is the fast removal cross section and 2 /  is the 
removal cross section o f  neutrons from the fast J_ 
group to the thermal group. The other symbols L ¿ 
have the usual meaning.

With the followings definitions:

-  =  m0 -  B 2 +  A B 2 -  —  v2D 2 +  —  +  e2 (13)  
r m2 ni 2

B > > h ~

in2 v2D 2
3

? m i .i ------- v2u 2
tu

v2D 2 +  e3 (14)

/* [1 -  /Cj(l -  P .f )] 

equation (3) takes the form (B2 means B.,2):

[r (B2 -  AB2 -  p2) +  1 +  j  wl.2f ]

x [L2(B2 -  p2) -I- 1 +  jw l2\ - K  =  0. (7)

If we solve equation (7) for p2 and we make a 
power series expansión in w, there results (up to  
the third order) the following:

(5) where the take into acount the influence o f  the 
f  constant (eq. (6)). The valúes are:
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(8)

(14a)
(v2D 2)~tn2_

If we measure mu B 2 and we make an estimation 
o f AB2 and / ,  we can determine the nuclear con­
stants by an iterative scheme: a first guess is made 
by mean o f equations (12), (13) and (14) ignoring



the <r¿; with these valúes we estímate the accord- 
ing to eqs. (12a), (13a) and (14a), then we return 
to eqs. (12), (13) and (14) and so on. Finally with 
equation 8 we can determine K. Since / < ;  1 its 
influence on the nuclear constants is low  enough 
and a crude approximation for this valué is ade- 
quate.
(a.2). Multigroup diffusion theory. For the flux in 
the /th group, solutions are proposed o f the form:

=  r ^ 1(x j )e -" ze í“’í (15)

Then, the neutrón balance equation takes the 
form:

r, / 1 n \ iV~fi  n 2(1 -  Pef) -------  -
D, A

J W _

ViD;

\
1

Di
+  0  — fíef)Ziv^flW l ~  —P ^ i  

(16)

where z it B ?  and S rt are, respectively, the fission 
spectrum, the transverse buckling and the removal 
cross section in the group i ; J means summation over 
Índices and the other symbols have their usual 
meaning. In order to solve the n x  n system (eq. 
(16)) (n number o f energy group), we must dia­
gonal ize a matrix whose terms are:

Aa  =  —  [ S í ,^  +  (1 -  M fc v Z /,]  i #  / (17)

Fig. 1. Cross section of the system with control rods; 
z is the propagation direction.

The abtorption in the píate per unit area is:

6a  =  JA -  JB =  k(<¡>a  +  <j>B) =  2 k <¡> (20)

where <£ is the average flux in the píate.
If the thickness e is small, the spatial distribuí ion 

(dA) o f the píate absorption, is, per unit volume:

M
dA =  2  0 (x jz )2 k  8(y  -  c¿)

Í = 1

x [H (x  -  di) -  H (x  h)} (21)

i / t  n i Z i ^ f i  r >2 ^ r i
A i i  =  (1 -  P e f ) ---------------------- B , ----------------

JW

D, A:
(18)

The eigenvalue o f  this matrix is

(b). Neutrón Wave Propagation in a bare Sub- 
critical Assembly With Control Rods

(b .l). Twogroup diffusion theory. Figure 1 represents 
the section normal to the propagation direction 
(z); the assembly is an infinite prism o f  transverse 
section a, b and there are absorbing plates parallel 
to the plañe y  =  0 placed in a symmetrical manner 
with respect to the x y  axes. The plañe source, 
placed at z =  0, is also symmetrical with respect 
to these axes.

In control rod theory there is defined (Maynard, 
1964):

Ja  ~  Jb  

4>a +  fe
(19)

where M  is the number o f plates, <5 is the Dirac  
delta function and H  is the step function.

If we consider that the plates only absorb thermal 
neutrons, the balance equations in two group 
diffusion theory are:

2̂ i
Z>1 v ra2^  +  /> !— Y  - S r f c  

dz

+  J'S/jXl — Pef)4> i  +  1 — Pef)<f‘ 2

= A A il
Vx dt

V2 dt

(22)

D¡, $2 +  D 2 T  -  
dz

SA +  S (x y )  d (z )e iwt =  — (2 3)

where JA , 4>b  are, respectively, the current in which 5  is the amplitude o f the source placed
and the flux at each side o f the absorbing píate, at z =  0.



We will expand the fluxes and the source according I f  we make the spatial Fourier transform ( 5  is 
to: the transformed variable) o f  equations (30) and

(31), we obtain for the transform o f  F hJ> (/),„):

p  __ _______ ‘-V¡y( ̂  1 ̂  @hp)________
^ 1 = 2  £ nm(z)¥’mm(*}')eí“’< (24)

< ^ 2 = 2nm
(25)

S (* y ) =  2  ■S'nmV'nm^)nm
(26)

consequence o f the xy symmetry, the y>nm

y  2 n 2
 ̂xv Wnm &nm Wnm (27)

+

V 27r[Sft.L /s( l  -  p ef)
— ( D 2s2 +  +  «*„)]

_______2 k ( D 1s2 +  ahv)

V t J X M  1 -  P .f )
satisfy: ~  ( D 2s2 +  +  a ^ )]

X 2  CnmFnm (36)
(nm)^(hp)  hp

_  2 7t Equation (36) tells us that the hp m ode appears
Vnm — cos  ̂ n ^  a x  even in the case in which it is not excited by the source

(ShP =  0); the parameter C nm “ tranforms” the
7T

x  eos (2 m +  1) — y  (28) m ode nm into an hp m ode and depends on the 
^ position o f  the plates.

<V .„ , V«> =  6ml; n, m  =  0, 1, 2, 3 , . . .  (29) *  we P * f  orm the inverse transform o f  equation
(36), we ob ta in :

where B l¡m2 is the tranverse buckling o f  the nm
m ode, Snl¡ the Kroenecker delta and the brackets „  . . Shv 0- Plhv\z\ , R ~Pzhv\tU
denote scalar product. ^ z )  ~  ^  " *

If we sustitute <£1; <j>2 and S,  according to equations
(24), (25) and (26), in eqs (22) and (23) and after -|----- ^  [Ahv6~í’lhv^  +  Bhve r l,'n ^ z ]̂
that we multiply scalarly by y hv, we obtain: V ^ 17

* I  CnmFnm{ z ) (37)
(nm)í(ftp) hpD i  -  ahvE hv =  —vS/2( 1 -  pt f ) F h,  (30)

a z  where * indicates convolution and pthP, p2hp are
2p  solutions o f :

D 2 — f  -  bhPFhs =  ~ S hv S(z) -  XtEhv
d z  i  I ° hv  , ah p \  .2

+  2 k J  CnmF„m (31)
(nm)¡£{hp) hp

( ^hp .
------- i—  p

d 2 d J
. b hya hv S /y S /^ ( l  Pef) 

where: H r ~ ~  — 0 (j®)
D 1D 2

ahv =  2>  -  i'S /i(l -  fief) +  D LBhv2 +  —  (32) In equation (37) only the damping wave solutions
vi  appear; the subindex 1 indicates the asymptotic

solution for p ,  and we have for the Ahp and Bhv:
,Jhp =  E a +  D 2Bhj,2 +  j  +  2/cCft:p (33)

°2 ^  A -  -  _ L  ü ~  n q s
M ” V o n n /■ 2 2^  2  p1/ip D 1D 2( p lhv -  p2hll)

_4_

ab

-'nm =  2  Cnm (34)
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eos (2 m +  1) — C jC o si lp  +  1 )— c¡ 
b b

D\P2hv Oh p__  (40)
2 Pzhp D i D 2(p±hp P2hp)

:Jdt

We can solve equation (37) by successive approx- 
a + h  w F' n im ation; the zero approximation will be:

x  I c o s (2 «  +  1) —x c o s ( 2 h +  1)— x d x  
a a

F  ( z )  =  -  Snm1 nm\^ f(35) nmv 7 ^

(nm) ¥= (hp) means that n ¥- h and/or m #  p .  x  [/4nme~Plnm|z| +  fi„me_p2nm|21] (41)



and in the first order, substituting equation (41) with 
into (37)

Fhj,U) =  -  -— =  [dhpt
J 2 tt

P \h v \z \

(48)

where the tpnm are defined in equations (27-29), 
and after that we multiply scalarly by we obtain:

-  I  '
7t (n m ) (hp) hp

x +  Bhpe - p^ M ]

* [A n ~ P l n m \ z \ +  B n ~P2nm\z \

z  >  0

F (xy  w) ‘̂ oo^ooV'nn

V 2
A nm Plnm

2
PlO O

2
Plnm

+
B„ iP2n

2
P2nm

Za' =  Xa 4- 2 k C, (45)

in which £„ is the thermal absorption cross section  
o f the system without control rods.
(b.2). Multigroup diffusion theory. In order to 
calcúlate the dispersión law o f  the system with 
control rods the result obtained in the last section can 
be extended to a multigroup form alism ; the balance 
equations are in this case:

/

D k ’Vxy“ ’t’k +  D k

(1

d z ¿

Pef)XkjvWl<l

i

ÓA*
vk dt

(46)

6Ak is the same as in equation (21) but now k is 
a function o f the group index k. I f we put into eq. 
(46) solutions o f the form:

% ( x y w ) (47)

rhp ~ ^ k f i h p k  +  P &k  ~  ^ rk

+  XkU
] (42)

Pef>^fk - j -  
Vk

2 Kk Cjip 
hp

If we make the convolution in equation (42) and 
substitute the result in equation (25), we obtain 
for the asymptotic solution (those terms in which 
appears exp ( - /> 10<¿))

M x y z t )  =  e - plwzF (x y w )e iwt 

w here:

+  Í  V^h^k +  XjfcO — ¡p

=  I 2 Fn- Kk Cnm  
hp

(49)

(43)

(nm) ^ (hp)

where B\vk is the buckling o f  the hp m ode corre-
sponding to the group k  and the Cnm are defined

hp
in equations (34) and (35). In order to solve 
equations (49) we can use successive approxima- 
t io n ; the zero order approximation corresponds to  
the case without control rods, in this case:

Pioo

x A 00 . C00(S 00ipnm +  S nmy>00) (44)
nm

Equation (43) tells us that there is still an asymp­
totic wave whose wave front is given by eq (44); 
this is distorted by the presence o f  the rods. Accor- 
ding to the m odel, p100 is calculated with the same 
cross sections o f  the system without control rods, 
but 2 a' is affected by the additional absorption  
o f the rod:

r ¡i tC __  -p/¿
* nm (50)

because we are assuming to be far from the source. 
Then we obtain for the first coeíficient in equation 
(48), in the first order approximation:

- D , B ,kDaak P D k

+  Xk(  1

+  f  +  Xkd -  P .f>Xf,]F00l =  0 (51)
J l * k

which has the same form as equation (16).
Then p is calculated in the same manner as in the 

system without control rods but with the removal 
cross section o f the group k  affected by an additional 
term:

S  rk =  ~Zrk +  2KkCoa (52)
oo

III. EXPERIM ENTAL ARRANGEMENT  

A  scheme o f  the system to be measured and the 
block diagram o f  the measurement equipment 
can be seen in Fig. 2. The subcritical assembly is 
compound o f  1 6 M T R  fuel element in a 4 x 4  
configuration. Each element has the dimensions: 
8-04 x 7-62 x 75-5 cm3 and contains 19 alumi- 
nim-clad, 90 % 23oU enriched uranium fuel plates. 
An A l tank o f  3 mm wall thickness contains the 
fuel elements; between the tank and the multi­
plicativo assembly there is an 0-8 mm Cd sheet.

fíef)p—fk j  -  Kk Cqo
Vk  00.



i í  Z  p re amp Amplifier

Fig. 2. Diagram of the experimental set-up.

The moderator, H20 ,  filis the fuel elements; the 
dimensions, indicated in Fig. 2 , are taken between 
“ black” surfaces (i.e. the Cd surfaces).

The pulsed neutrón source, o f  the SAM ES type 
with the PHILLIPS neutrón generator, produces 
14 Mev neutrón through the D -T  reaction. It is 
in a water tank below the multiplicative assembly 
in order to shield the source neutrons. The system  
has a K ef =  0-774, calculated with four group 
diffusion theory, using the code EX TER M IN A TO R  
II (Fowler et. al. 1967) and with the necessary cross 
sections (Solanilla et al., 1971).

From  bottom  to top we have the following re- 
gions: A , 30 cm o f water; B, 8 cm o f  water; 
C , 7 cm  o f  a water-aluminium mixture; D , multi­
plicative región o f  61-5 cm height composed o f  
H aO, A l, 235U  and 238U ; E , 2 cm  o f  a water- 
aluminium mixture. The tritium target is placed 
at x  =  y  =  0; in this manner only even harmonios 
are excited in the x y  plañe.

The detector system which begins with the detec­
tor 1 is used to measure the pulse response as a 
function o f  z. It is composed o f  : R euter-Stokes 
3He detector model SK-585 with 6 mm dia and an 
active length o f  5 cm , ORTEC preamplifier mod 109 
PC, ORTEC amplifier mod 410, multichannel 
analyser TM C with the 212 plug in unit.

The detector system which begins with the de­
tector 2 is used to normalize the measured neutrón

distribution. It is com posed of: 20th Century 
BF3 detector (enriched in 10B) o f 1-3 cm dia and 
5 cm active length mod 5 EB40/13, charge ampli­
fier and scaler developed in C N EA . The dead 
times o f  both systems are respectively 1-2 and 
7 /isec. In order to introduce the detector a normal 
fuel píate was removed and a special one was 
introduced.

The system described above, was measured with- 
out and with Cd plates; in this case there were 
introduced two plates o f 4 cm width, 0-8 mm thick, 
along the z axes, in the y  =  0 plañe, in the coor­
dínate x  =  ± 6  mm (d¡) (See Fig. 1).

IV. EXPERIMENTAL PROCEDURE

In order to see propagation efiects it is necessary 
that the measured zone be free o f  source neutrons; 
a com m on method is to thermalize the 14 Mev 
neutrons and then to measure the Cd difference. 
This was intended in the system described in Fig. 
2; for this, the source was located in the lower 
tank at a distance o f 30 cm from the beginning o f the 
fuel element. Owing to an access problem the Cd 
shutter could be put at 7 cm from the beginning 
o f the fuel; this 7 cm (part C in Fig. 2) is com - 
pounded o f  water and the aluminium o f the struc- 
tural part o f the fuel element. Thus the thermal 
neutrons have very low probability o f  Crossing this 
zone, so that the Cd difference was unsuccessful.

Taking into account this situation, we adopted  
the solution proposed by Golay (1969): The first 
collision source is estimated and if it is demonstrated 
that this source is concentrated in a región outside 
o f the measured zone, it is possible to do the 
measurement without the Cd difference. In this, 
the basic idea is that the source neutrons becomes 
thermal not too far from the point in which they 
make their first collisions. This hypothesis is 
reasonable because our systems are moderated by 
hydrogen and the neutrons after their first collision  
can loose their energy or degrade it in such a way 
that the mean free path between collision is con- 
siderably diminished. The total cross section o f  the 
14 MeV neutrons in water is large enough to assure, 
in our case, that 95% o f the source neutrons that 
interact with the multiplicative assembly make 
their first collision below the first experimental 
point taken into account in measuring the disper­
sión law.

To measure the pulse response as a function o f  
z, we put the detect or in the coordínate x  =  a¡6 
y  =  b¡6, i.e. it is insensitive to the 01, 10, 11 modes. 
The systems were excited with neutrons pulses o f  
50 jusec width and a repetition rate o f  ~ 3 0 8  p .p .s.;



in all the cases the channel width was 10 «sec. 
The source was operated for 3 min without analyzing 
in order to obtain the delayed neutrón equilibrium  
response. When the constant delayed neutrón 
density was achived, the detector system was opera­
ted until the desired counting statistics wereobtained. 
The source and detector systems were then simul- 
taneously shut off. The statistics in the peaks 
ranges from ~10 ,000  counts for the points near the 
source to ~ 3 0 0 0  counts for the farthest, the meas- 
uring times go from 10 min to 50 min, respectively.

D ead time eíl'ects can be corrected in the detector 
1 system but it is not possible in the normalization  
detector system. This is due to the fact that the 
latter integrates in time. The counts lost in this 
case were estimated, and it was demonstrated to 
be below 3%0. For this evaluation it was assumed 
that the count rate had exponential plus back- 
ground behavior.

V. CALCULATIONAL PROCEDURE  

(a). Data Processing

After correcting for the dead time effect and 
background, our experimental data are the prompt 
neutrón response in channel /(the corresponding 
time is t () measured with the detector in position 
z , n(í(, z).

The frequency response o f the system is given by 
the Fourier transform o f  counting rate c(t, z):

í
F(w, z ) =  I c(t, z )e iwt d i

n(t, z )  =  A e  '■

n{t, z)  =  A (  1 — e~íi<)e_ '*í

Table 1. Influence of the non-measurable part of the 
equilibrium pulse, over the Fourier transform. Typical 

valúes

(53)

Frequency
(Hz)

(a)
(%)

(b)
C /o )

Amplitude 200 -1 -7 -0 0 8 9
1000 - 0 8 -0 -4 4

Phase 200 1-7 - 1 - 5
1000 2-3 -0 -35

This integral can be divided into three parts; 
the first between zero and rlt the second between 
ty and t2 and the third between t2 and <x>. The 
TM C multichannel analyzer has a waiting time 
before beginning the time analysis. Thus between 
t =  0 and t  =  tx we have no information; for 
times greater than t2, the prompt response is 
masked by the delayed response. In our case t2 
was selected in such a way that for this time the 
number o f  count is twice the background level. 
Then the integral o f equation (53) can be done 
numerically between tx and t2. Between zero and 
tí  it is necessary to interpólate and between t2 
and co is necessary to extrapólate.

To extrapólate and to interpólate, the last and the 
first channels were fitted according to:

(a) Error when the interpolation is not included.
(b) Error when the extrapolation is not included.

With equations (54) and (55) the contributions 
o f the non-measurable zones o f  the response pulse 
in equation (53) were calculated. These contribu­
tions can be estimated as in Table 1: we can observe 
the contributions are small enough so that the 
possible inaccuracy o f  equations (54) and (55) 
can be neglected.

A  FO R TR A N  IV code FO U R IER  was written 
in order to calcúlate the integral in equation (53). 
The input o f  the code is the Multichannel analyzer 
data and the number o f  counts in the normal­
ization detector. After the calculations, the nor- 
malized amplitude and the phase o f  the Fourier 
transform with the corresponding errors are punched 
on cards.

N ow  the amplitude \F(w, z)| and phase <p(w,z) 
must be analyzed as a function o f  z for each fre­
quency in order to obtain the dispersión law.

Let ¡¡>w be the complex amplitude o f  the wave 
at frequency w, and impose the boundary condition:

<¡,W{ Z = L ) =  0 (56)

Then we will have a reflected wave toward the 
negative valúes o f  z:

4>w =  Ae~xze i(n~^z> +  Bexze ^ z (57)

Where A is real. Then according to eq. (56):

<f>w =  A e - ^ e - ^ - ^ U  

which means that:

- 2 x ( L - ¡ : ) e - 2 Í £ ( L - z ) - i

—  e~ió =  Ae~xze~i ^ z~n> 
k

(58)

(59)

(54)

(55)

respectively.

where:

S =  arctg

•2 a { L - z ) eos 2 f(L  -  z )]2
- i x ( L - z )  - 2sin 2 f(L  -  z) (60)

- 2  a ( L —z)

2 a ( L - z )
sin 2 !(L  — z)  

eos 2 f(L  — z)
(61)



Equation (59) suggests an iterative method; 
given the experimental data </>w, we fit them for a 
first estimation o f  a and í  according to the right 
member o f  equation (59). With these valúes we 
calcúlate k  and <5 which permit one to correct 4>w 
and so forth.

For these calculations, a FO R T R A N  IV code 
RELDI was developed; with the input data pro- 
vided by Fourier, it calculates a and f  by the 
iterative method proposed, the m i o f  the a2 — £2 
and 2ocf expansions and the corresponding errors.

(b). Numerical Calculations o f  the Models

For this purpose several codes were developed; 
the FO R T R A N  IV code O N 2G  calculates the 
dispertion law in two-group diffusion theory. 
It also calculates the influence o f  the cross sections 
on a and I; for this, systematic variations o f  
cross sections are made. The FO R T R A N  IV code 
O N 4G  calculates the dispersión law with four- 
group diffusion theory; for this, the code uses the 
com plex subroutines POLCAR and RAICES  
(Grant, 1971) which permits one to diagonalize 
a n x  n complex matrix with an arbitrary n.

Finally the code O N D A S calculates <f> (x , y , 
z, w) according to equation (43); also it calculates 
the spatial transients before arriving at the asymp- 
totic solution (i.e. equation 43)

VI. RESULTS AND INTERPRETATION

After the measurements o f  the equilibrium pulses 
as a function o f  z, the experimental data were 
processed by the Fourier code; part o f  the results 
are shown in Figs. 3 and 4. In these we can see the 
amplitude \F(w, z)| and the phase <p (w , z ) o f  the 
measured Fourier transform as well as the valúes 
corrected by end effect. In the case where the two 
valúes coincide within the scale, only the former 
is presented; also the results o f  the fit between 
z =  40 cm and z =  64 cm (distance with respect 
the source position) are represented.

Figures 3 and 4 correspond to the case with 
control rods. We can see that it is experimentally 
demonstrated that an asymptotic m ode exists 
even in the presence o f  Cd plates. However, at 
approximately 720 H z, the phase begins to be 
non-linear with respect to the detector position; 
the effect is more pronounced at very high fre- 
quencies. For example, at 2 kH z we can see in 
Fig. 4 the non-linearity even with the end effect 
correction. In this sense the results are similar to 
the case without control rods. Since the proposed 
asymptotic solutions are not valid for high fre- 
quencies, the results are analysed up to 720 Hz.
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Fig. 3. Amplitude of the Fourier transform for the 
system with control rods. The errors are less than the 
valúes shown; z  is measured from the source plañe.
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______ |______
55

Fig. 4. Phase of the Fourier transform for the system 
with control rods. The errors are less than the valúes 

shown; z is measured from the source plañe.

In order to analize this behavior it must taken into 
account that the hom ogeneous hypothesis is 
reasonable because the heterogeneity o f the fine 
thermal flux distributions between the fuel plates 
is less than 5%. Then the phase behaviour as a 
function o f  detector position hardly can be explained 
by heterogeneity effects.

A lso in Figs. 3 and 4 the importance and the 
accuracy o f  the end effect corrections can be ob- 
served; the iterative method proposed in section
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Table 2. Results of the measurements of the dispersión law, up to 720 Hz

m0
(cm-2)

»h 
(cm~2 sec)

m2 
cirr2 sec2

m 3
(cm-2 sec3)

System without 
control rods 
System with 
control rods

(2-90 ±  0-07) x  10-3 

(3-86 ±  010)  x  10“3

(7-37 ±  0-36) x  10-7 

(5-58 ±  0-45) x  10-7

(6-26 ±  0-94) x  10~n  

(4-78 ±  114) x  1 0 11

(4-88 ±  319)  X 10~15 

(4-49 ±  3-80) x  10-ls

V was used to process the data between z  =  40 
cm and z =  64 cm , the corrections so obtained not 
only align the points taken in the fit but also the 
others as well. Ordinarily this kind o f measurement 
is made in systems long enough to neglect experi­
mental data near the border; the proposed method  
avoids this problem.

For the system without control rods, the equilib­
rium pulse was measured as a function o f y ,  in 
z =  47-5 cm and .v =  5 1 6 c m ;  the selected z  
coordínate is within the fitted zone to obtain 
the dispersión law. After making the Fourier 
transform and normalizing, the results are shown  
in Fig. 5; the continuous lines are the results o f  the 
fit according to A cos By. These measurements, 
in conjunction with results similar to those show  
in Figs. 3 and 4, permit one to confirm the separa- 
tion o f  variables proposed in equation (2); further- 
more, these facts demónstrate that the fitted zone 
is free o f harmonics.

The bucking so measured in the y  direction, 
was practically independent o f  the frequency; 
its variation between zero and 1 kHz was —2-4%0. 
The extrapolation distance so obtained was (2-26 ±  
01 0)  cm and the thermal transverse buckling was 
then 149 ±  1 m-2 .

After the measurement o f  a and I these valúes 
were fitted as a function o f  the frequency in order 
to obtain the the results are shown in Table
2. The valué o f  A fi2 was determined by means o f  
the Exterminator II code and the corresponding 
cross sections to be 19 4 m-2 . The infiuence o f  this 
parameter over the for the systems studied was 
evaluated by the calculation o f (3w¿/3AB2) (AB^jmJ 
according to equation (7) to (10); the results are 
shown in Table 2. We observe that with the excep- 
tion o f  m0 the ?«,• are quite insensitive to the valué 
o f AB 2.

Table 3. Infiuence of Ai?2 over the for the studied
system

111 o n7i m3

—  0-577 9A B2- /», -0 0 1 0 9 -0 0 1 4 9 -0-0176

Fig. 5. Transverse flux measurement as a function of 
frequency for the system without control rods. The 

errors are less than the valúes shown.

If with the experimental and B 2 and the 
calculated AB 2, we calcúlate r  according to equation 
(13), we obtain a negative valué for this parameter 
even within the experimental error. The sign o f  
this calculation is independent o f the valúes o f  the 
others parameters that appear in equation. (13) 
(through e2). Thus we conclude that tw o group 
diffusion theory cannot explain our experimental 
results.

Two and four-group diffusion theory calculations 
o f the dispersión law are shown in Fig. 6 together

_ í  a2- ^ 2 Experim ental 

-f- 2 a £  Exp erim en ta l 

Curves I - a 2- £ 2 C a lc u la te d

C u rve s 2 ' 2 a £  C a lcu la te d
----------- Two group diffusio n

theory 
' Four group diffusion 

theory

600 700

Frequency, Hz

Fig. 6. a2 — | 2 and 2af for the system without contro 
rods; the vertical bars indícate the errors.



with the experimental results. Both approximation 
have the same thermal group cross sections. The 
fast cross sections in two-group theory are the result 
o f the condensation o f  the three fast groups o f  the 
four-group approximation. The cross sections were 
calculated by Solanilla et al. (1971). The mean 
velocity o f  thermal neutrons was calculated by the 
Thermos code (Stammler, 1963); in the calculation  
o f the dispersión law the experimental thermal 
buckling (B th2) were introduced and the AB ?  =  
B th2 — B¡¿ calculated by the Exterminator II code.

If we compare the two- and four-groups calcula­
tions with the experimental results, we conclude 
that increasing the number o f  fast groups permits 
a better estimation o f  m0 but there still exist discrep- 
ancies between the calculated and measured 
m¡ (i A 0). In Fig. 7 we observe the theoretical 
and experimental valúes o f the dispersión law for 
the system with control rods. The former are 
calculated with four-group diffusion theory with 
the same cross sections o f  the system without 
control rods with the exception o f the thermal 
absorption cross section which is affected by the 
additional term o f  equation (45). For this the 
valué k =  0-5 was used (M aynard, 1964).

The wave front, as a function o f  y ,  measured and 
calculated according to equation (43) can be seen 
in Figs. 8 and 9, both valúes correspond to the 
coordinates z =  46 cm , x  =  2-15 cm; the calcula­
tions were made with two kinds o f  source distri- 
bution: constant and fundamental m ode in x , y .  
The experimental valúes conserve the propor- 
tionality with frequency; the theoretical valúes 
are normalized for each frequency to the experi­
mental points. Then in Figs. 8 and 9 we compare 
the shapes o f  the wave front for each frequency.

100 - 
9 0 "  

8 0  " 

7 0  ' 

6 0 " i * i i 1
í  a Exp erim en ta l va lú e s

• a C a lcu la te d  va lúes

y  T  ^ Exp e rim e n ta l valúes 
---------^ C a lc u la te d  valúes -

Fig. 8. Amplitude of the wave front in the system with 
control rods. The errors are less than the valúes shown.

0 IOO 200 300 400 500 600 700

f ,  H z

Fig. 7. a and f  for the system with control rods; the 
vertical bars indícate the errors. The calculated valúes 

correspond to four-group diffusion theory.

Fig. 9. Phase of the front wave in the system with control 
rods. The errors are less than the valúes shown.

We can see that for points placed at more than 
5 cm from the plates the model calculates correctly 
the shape o f  the wave front. For point nearer to the 
plates the results depends on the source distribution. 
We can see in Figs. 8 and 9 that the presence o f  
negative harmonics for the source, rise the theore­
tical results toward the experimental valúes; if 
we take into account that the thermal source is 
depressed by the presence o f  the control rods 
(and then increasing its negative harmonics contents) 
these results can explain the diíTerencesobservednear 
the plates.

In Figs. 10 and 11 the frequency behavior o f  the 
wave front is analyzed, the theoretical and experi­
mental valúes correspond to the relation between the 
amplitudes o f  the thermal fluxes at frequency w 
and frequency zero, and the phase. The valúes 
correspond to the same coordinates as before



y, cm
Fig. 10. Relative amplitude of the thermal flux at frequency w with respect to the zero frequency flux. 
Measured valúes: + ,  200 Hz; J, 400 Hz; O, 600 Hz; A , 800 Hz; the symbols indícate the errors.
Calculated va lú es:-------- equation (43) with dispersión law calculated by two-group diffusion
theory; --------- the former results corrected by the observed difference between the experi­

mental and theoretical dispersión law.

The dashed lines in Figs. 10 and 11 correspond to 
the calculation o f  wave front according to equation 
(43) using the corresponding two-group cross 
sections; but as we can see in Fig. 7, the theory 
calculates a less dispersive system than we observed. 
If we take into account the difference between the 
experimental and theoretical dispersión law, we 
can correct the previous results by this effect. The 
results o f  these corrections are shown in Figs. 10 
and 11 by the continuous line. Then we conclude 
that equation (43) describes correctly the shape, and 
the frequency behavior o f  the flux if we include in 
the calculations the correct dispersión law.

VII. CONCLUSION  

The power frequency expansión o f  the dispersión 
law up to the third order permits one to relate in

a closed and definite manner the nuclear parameters 
o f the two-group diffusion theory; with the different 
terms o f the expansión (the /«,), we can relate 
directly these constants to experimental valúes. 
In the development o f  these relations energy de- 
pending bucklings were included and there was 
demonstrated the importance o f  the difference 
between the thermal and fast bucklings in the m0, 
and that this effect in the calculation o f  the 
with i 0 can be neglected.

A  model was also developed that predicts the 
existance o f an asymptotic m ode o f  propagation  
even with the presence o f control rods. The wave 
front is distorted by the presence o f the control 
rod and the dispersión law is shifted with respect 
to the case without control rods. This shift depends

y, cm
Fig. 11. Phase of the thermal flux. Measured valúes: + ,  200 Hz; 400 Hz; O , 600 Hz; A ,
800Hz; the errors are less than the valúes shown. Calculated v a lú e s :-------- equation (43) with
the dispersión law calculated by two-group diffusion theory; --------- the former results corrected

by the observed diflerences between the experimental and theoretical dispersión law.



o f k , the constant o f  the control rod theory (M ay- 
nard, 1964) and the positions o f the rods.

The preceding models were used to interpret 
experiments made with a highly compact system o f  
90% 235U  enriched uranium with and without 
control rods. It was demonstrated in this case 
that two-group diffusion theory is incompatible 
with the experimental results. For the system with 
control rod, the experimental results confirm the 
existance o f  an asymptotic m ode which was theoret- 
ically predicted.

Also the model gives a good estimation o f  the 
wave front shape and its frequency behavior, with 
the exception o f  points near the control rods. 
The theoretical valúes o f  the dispersión law are 
improved on increasing the number o f  energy 
groups in the calculations. It is noted also that 
the discrepancies between the experimental and 
calculated valúes o f  the dispersión law, are approxi- 
mately the same in the systems with and without 
control rods. In a recent paper (Sobhana et al., 
1973) the necessity, o f  having a good description 
o f the slowing down and thermalization effects, 
in order to calcúlate correctly the dispersión law  
was demonstrated. In the paper o f  reference 
multigroup diffusion theory was used with 18 
thermal groups and 12 fast groups.
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