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Abstract: The nuclear field theory is apphed to physically meaningful models which are 
exactly soluble. The particles are coupled through monopole particle-hole and/or pairing 
forces, whxch do not mix states with a different number of particles and holes It is possible to 
sum up all the field diagrams and, thus, one obtains the exact results in all cases. Therefore, 
the overcompleteness of the basis and the wolatlons of the Pauh principle are corrected for 
wlthm the field treatment 

1. Introduct ion  

A field t r ea tment  of  a residual  two-body  in terac t ion  should  have bud t -m  mecha-  

n,sms m order  to  correct  for  the v io la t ions  o f  the Pauh  pr inciple  and  for  the over-  

comple teness  o f  the basis,  which are inherent  to  the s imul taneous  use of  bo th  collec- 

twe and  single-part ic le  degrees o f  f reedom.  M o r e  generally,  it  should  reproduce  

the results o f  a conven t iona l  shel l -model  d l agonahza t ion  o f  the residual  t w o - b o d y  

interact ion.  The  feaslblhty of  such field theory  was shown in ref. 1), where the case o f  

p a m c l e s  moving  in two levels and  coupled  th rough  a m o n o p o l e  par t ic le-hole  force 

was t rea ted  In  ref  2) the overcomple teness  o f  the field basis  was increased so as to 

include pa r t l c l e -pamc le  (pai r ing)  fields. In  the present  pape r  we clarify and  extend 

the calcula t ions  which were pe r fo rmed  in refs. t, 2) We t reat  physica l ly  meaningful  

models  wb~ch are exact ly soluble,  bo th  for  the fe rmton  and the field calculat ions.  

In  the field t r ea tmen t  one uses bo th  p a m c l e  and  vibrat~onal degrees o f  f reedom.  

The energies o f  the uncoup led  par t ic le  fields must  con ta in  the  H a r t r e e - F o c k  contr i -  

but ions  o f  the t w o - b o d y  residual  in terac t ion  The energy o f  the p h o n o n  fields are  

ob ta ined  t h rough  a R P A  t rea tment  o f  the same in terac t ion  

Both par t ic le -v ibra t ion  coupl ing  vertices (fig l c ) a n d  four -po in t  fe rmion  vertices 

(fig l b ) h a v e  to be inc luded The former  represent  the mat r ix  elements  o f  the H a m -  
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dtoman linking the normal (RPA) modes with the pamcle-hole states These two 
couplings are allowed to act in all orders to generate the different diagrams of per- 
turbatlon theory. The contnbutmn of each dmgram is evaluated by the usual rules, 

with two restrictions 
(0 Inmal  and final states are restricted to proper states Such a state revolves 

collective modes and particle modes, but not any particle configuration that can be 
replaced by a combination of collective modes Thin restriction does not apply 

to the internal lines of the diagrams. 
(l 0 The internal lines of  diagrams are restricted by the exclusion of diagrams m 

which a pamcle-hole pair is created and subsequently anmhdated, without having 
participated in other lnteracnons m between (bubbles) 

These rules were stated in ref. 1) Similar rules appear for the calculation of transi- 
tion matrix elements corresponding to an operator Q which creates or destroys a 
pamcle-hole pair. In the field treatment one must retain the vertices corresponding 
to the fermmn operator Q (fig. 3 a ) a n d  also include the vertices representing the 
creatmn and anmhilatmn of a phonon (fig 3b). The values of  these last vertices 
are given by the matrix element of the operator Q between the vacuum state and the 
corresponding RPA normal mode. Similar restrictions as for the energy have to be 
imposed for the evaluation of the diagrammatic expansion. 

The nuclear field theory may also be applied when the collective states correspond 
to pairing modes. In this case we disregard dmgrams including particle-particle 
bubbles. An operator P+ which creates two pamcles  has two vertices within the 
field treatment: one representing the creation of the two fermlons, the second one 
corresponding to the creation or annihilation of a pairing phonon 

2. Degenerate particle-hole excitations and a particle-hole monopole interaction 

The fermlon Hamlltonlan H includes a single-particle term Hs p. 

mteractmn H t b, 

n = H s p . + H t b ,  (1) 

H ,p  = ½8o(Nl +NT) ,  (2) 

Htb  = - - ½ V ( A + A + A A + ) ,  (3) 

where 

and a two-body 

A + = ~ c+lcin-r; N1 = ~ c+,cm, ; NT  = Z CmTC+mT • (4) 
i n  i n  m 

+ 
The operator cm, creates a pamcle  m the state (m, a). The quantum number 

a(o" = 1 or a = - 1 = 1) denotes either the upper or the lower level. Each level has 
degeneracy 2f2 and the subscript m labels each degenerate state. Here, ~o is the 
distance between the two levels and V, the strength of the monopole partMe-hole 
interaction 
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The fermlon treatment of  the Hamll toman (1) is carried out in appendix A. 
The procedure lS straightforward, because of the apphcablhty of  the quasi-spin 
formahsm 3). 

The fermlon terms in the field treatment must include the Hartree-Fock contri- 
butions of  Ht b. Since the matrix element of  the interaction (3) between the closed 
shell state 1> and any particle-hole state vanishes, the chosen smgle-particle basis 
satisfies the Hartree-Fock minlmizatton condmon.  Consequently, no change m the 
single-particle wave function is required. However, there is a contribution to the 
mdependent-pamcle energy e,, which Is defined through the hneanzation equatmns 

[n ,   L]I> = (5) 
We obtain 

ex = --eT = ½-(Co + V), (6) 

and write the pure fermlon terms m the field treatment as 

n~ p = e ,Nt - -~TNT = ½~(U, + NT) , (7) 

H~b = - V A + A ,  

where the Hartree-Fock particle-hole exmtatmn energy is given by 

= So + v (8)  

The only vertex corresponding to the interaction Hi' b. ~S given m fig 1 b. The differ- 
ence between Hi' b and H t b eliminates in this case the Fock single-particle insertmns 
of fig. la, which are present for the Interaction (3). An amount  Vf2 is added to all 
energies. 

(m,l) 

2 

(m,I) (a) 

(rn',l) (m',T) 

(b) 

(rn,l) (m,l) 

(c) 

Fig 1 G r a p h  (a) represents  the  Fock  self-energy inser t ions G r a p h s  (b) and  (c) cor respond  to the  
four-poin t  vertex o f  the  m t e r a c h o n  (7) and  to the  vertex o f  the  part ic le-vibrat ion interact ion (11), 
respectively. The  value o f  the  vertices is as m & c a t e d  in the  figure, when  the particle line appears  

to the  left o f  the  hole  line, for all pairs  (m, 1, m, 1) mee t ing  the  vertex A minus  sign appears  for 
each in terchange o f  th~s order  

The pure boson term H b corresponds to a set of  independent phonons 

2D 

= Z ,o,r,+r,, 
|=l .  

(9) 
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with eigenfrequencms o9, given by the TDA t, 

03, = (t = 2, 3, .  , 2~). (10) 

The particle-vibration interaction Hp,  may be obtained 4) replacing first the opera- 
tor A + by ~,<n,  = l l A + I > F ,  + m the interaction H~b (7), and, subsequently, the 
operator A by ~ ,  <n, = 1 I A + I>F,. Here <n, = 1 I A +1) represents the matrix element 
of the operator A + between the closed shell state and the state corresponding to the 
ith root m the T D A  

Hp ,, = - Z A , (A+r ,+AF,  +) ( l l )  
1 

Thus, the coupling strengths A, are gtven by the product of the interaction strength 
V t~mes the TDA matrix element of  the operator A +, i.e. 

{0V(2f2)~ ( t = l  ) 
A, = (t = 2, 3 . . . .  2f2). (12) 

This value of A, is also given i) by the matrix element of H t' b between any particle- 
hole state c+lc,,-fl> and the TDA state In, = 1>, 

< t / t  P + = llHt b c,,xc,,Tl> = - V<n, = l lA+[) = - A ,  (12') 

In the present case, the non-adiabatic phonons are uncoupled from states revolving, 
for instance, only the adiabatic phonons [since the corresponding couphng strengths 
(12) vamsh and the energy denominators do not]. In the following, we only treat 
states revolving the admbahc phonon, and thus we drop the corresponding sub- 
index i = 1. 

The sum of terms (7), (9) and (1 1) constitutes the field Hamdtoman  H e One must 
supplement this Hamll toman with the diagrammatic restrictions listed in sect. 1. In 
order to perform the diagrammatic perturbation treatment, we &vide Hf m two parts 

He = Ho+H' ,  Ho = H'p  +Hb,  H '  = H;b + H o v .  (13) 

The zero-order term Ho includes both systems of independent particles and pho- 
nons. These two degrees of  freedom are assumed to be independent, 1.e, 

Err,  Cm,] [r, ,  + = c,,-f] = 0. (14) 

The verhces corresponding to H '  are given in figs. lb  and c. The overcompleteness 
imphctt in the product basis is corrected through the perturbative treatment of H ' .  

I f  a given diagram is included, any other diagram 1), which is obtained from this 
one through a t~me permutation of the vertices, must also be taken into account, 

* Throughout this paper, the TDA is identical to the RPA, because the Hamdtomans that we 
use [such as (1)l conserve the number of particle-hole pairs Consequently, they do not induce 
ground-state correlations 
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unless the new diagram ~s equivalent to the m~tml one and/or it contains vemces 
d~fferent f rom those of figs. lb  and c. 

Each dmgram xs computed according to the usual rules 6). The numerator  IS given 
by the product of  the vertices appearing m the dmgram. The sign of the vertices ~s 
discussed in fig. 1. There is an add~tmnal minus s~gn for each crossing of fermion 
imes. The reqmrement of  antlsymmetry between fermmn hnes and of symmetry 
between phonon hnes is neglected for intermediate states. However, there is a factor 
(nl) -~- for each subset of n identical phonons m mmal  and final states Unhnked 
dmgrams are neglected 

The denominators of  each diagram are calculated according to appendix B, where 
the Brllloum-Wlgner 7) and Bloch-Horowltz a) perturbatmn treatments are briefly 
reviewed. 

I f  e and VO are of the same order of  magnitude [which we take to be O(1)], a given 
dmgram contributes to a defimte order m powers of  f l -~ .  each vertex lb  yields a 
factor V = O ( f l - t ) ;  each vertex lc, a factor A = O(f l -÷) ;  and each independent 
summatmn over single-particle states, a factor 20  

The fermmn particle-hole t ransmon operator Q must be replaced, within the field 
treatment, by an operator including both pamcle  and boson terms (fig 3). For  In- 
stance, the operator 

Q = ~ q,.cmtc.,T,+ (15) 
m 

~s wntten as 

(2, = Z <n, = l l Q l > r  + + Q .  (16) 
I 

One must extend the definmon of a bubble, which now includes processes in which 
the particle-hole pair is created by the operator Q and destroyed by H '  (13), or con- 
versely (fig. 2d). 

Other operators, such as the one-particle creation or anmhllatlon operators, which 
are used m one-pamcle transfer processes, do not have a boson image. 

2 1 THE ONE-PHONON STATE 

Any graph generated by the vertices of  figs. 1 b and c, and contributing to the energy 
of the one-phonon state, Involves at least a bubble. Therefore, there are no correc- 
tmns to the T D A  energies (10), whlch concide with the energies of  the fermlon treat- 
ment (see appendix A) 

Similarly, there is a single diagram corresponding to the transition matrix element 
of  the operator A + between the closed shell and the one-phonon state Fig. 3b 
represents th~s dmgram The T D A  value of  the vertex 3b and, thus, the value of the 
transltmn matrix element ~s 

(n = I IA+I)  = (20) ~ (17) 

The one-body transfer operators have no corresponding phonon vertices Fig 4 
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V._ 

(c) (d) 
Any diagram containing these processes (bubbles) as part of  it, must be dzsregarded The 

cross at the beginning of  fig. (d) denotes a pamcle-hole operator. 

(re,I) (mS) 

x----~.- qm 

(a) 

~--J-,n,llol> 
(b) 

Fig 3. The two vertices corresponding to a partlcle-hole operator [eq (16)] 

Fig 4 The diagram representing the population of  a 3honon state by a single-capture reaction 
from the system w~th one more particle than the closed shell. 

cm,,,1 J (m,I)~ 
(a) (b) ~(m,I) (c) 

I 

(d) ~l) (e) 

Fig 5. Energy diagrams for the part~cle-phonon state. 
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represents the only possible dmgram t representing the capture of  a particle from be- 
low the Fermi sea, and which is m the same m-state as the imtml particle state 

Ira, 1 ) =  Cm+ll). Its contribution is 

(n = llc,,TIm, 1) -- Z _ (2f2)_~." (18) 
(D--/; 

The absolute value of  this quantity is also the TDA amplitude of a particle-hole 

state m the normal mode. Thus, the results of the present subsection do not go beyond 
(but do not contradict) the values gwen by the TDA, which already agree with those 
of appendix A. 

2 2 THE PARTICLE-PHONON STATES 

More interesting from the point of view of the field theory are the pamcle-phonon 

states 
In the odd nucleus, the 

In = 1; m, 1) with the value 

diagram 5b contributes to the energy of the state 

A 2 
- -  - V ,  ( 1 9 )  

which is of  the order K2-1 with respect to the zero-order excitation energy co. The 
sum co + V (graphs 5a and 5b) is also the exact excitation energy (appendix A) 

However, unlike the one-phonon case, many other diagrams are possible. For  in- 
stance, graphs 5c and 5d represent the contnbutmns of order g2 -2. In order to 

calculate all the higher-order perturbation terms, it is convenient to use the Brllloum- 
Wlgner perturbation expansmn *t (appendix B). We thus take into account only 

diagrams m which the initial state is not an intermediate state, and we obtain eq. 
(B.12) for the energy. Graphs 5a, 5b, 5d, 5e, 
namely 

A 2 A2V 
w ( E )  = 

E - e  ( E - e )  2 

A 2 
= 0 9  - - f D  

E - e - V  

Eqs. (B.12) and (20)ymld the two energms tit 

• yield a series expansion for W(E), 

A2V 2 
~, . . .  

( E - , )  3 

2 Q V  2 

E - e - l : "  
(20) 

Both roots coincide with the exact energies. The second one e is also the unper- 
turbed excitation energy of  the intermediate two-particle, one-hole state. 

* The diagram of  fig. 4 also represents the population of a non-adiabatic phonon. In thts case, 
both the numerator and denominator vamsh [eqs. (10) and (12)]. The value of  the diagram has to 
be obtained as a limmng process, such as the one outhned at the end of sect. 3 for ea -~ eb 

~t The Raylelgh-Schrodmger perturbatmn expansion has been used in (18) and (19). 
?** The zero point for the energms m the odd system ~s placed at ~e 

(21) 
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In a Feynman dlagrammattc expansion of the residual nuclear mteraction, Inter- 
medmte states may violate the Pauh principle. However, for a gtven diagram in which 
two fermlon hnes are simultaneously m the same single-particle state, there ~s another 
diagram m which the corresponding end points are interchanged Th~s second din- 
gram cancels the first one. For instance, m fig. 6a, one of the possible mtermedmte 
states has (m', 1) = (m0, I)  Th)s mtermedmte state cannot exist m the presence of 
an odd-nucleon m the single-parncle state (m o, 1). There is another diagram (fig 6b) 
m which the two particle hnes of  graph 6a are exchanged. The crossing of these two 
hnes introduces a minus sign which cancels the component  m'  = m o  of the diagram 
6a, which wolates the Pauh principle. 

The diagrams 6a and 6b are members of  two subsets of  graphs which are replaced 
by diagrams 6c and 6d, respectively, wlthin the field treatment of  the residual inter- 
action. The effect of  the process s) represented in fig. 6d amounts to subtracting 
a component  which should not be present In the initial state (fig. 6c). 

Ordinary perturbatmn theory would predict a negative second-order contribunon 
A E  to the energy of the parhcle-phonon state, since the difference c o - e  between the 
unperturbed energies of  the initial and mtermedmte states is negative, and 6d ~s 
the only second-order contnbutmn" 

A E  = ( n  = 1; too, llHp,. ]ml, 1; mi, 1; too, 1) 

x (ml ,  1; n h l ,  too, llHp ~ In = 1; m o, 1) / (co-e) .  (22) 

However, diagram 6 d ( =  5b) gives the positive value (19) The second-order con- 
tributlons which would make A E  < 0 involve bubbles (fig. 6e). Since these contri- 
butions are to be neglected, the correction becomes positive. This does not contra- 
dict eq. (22) since the numerator  on the right-hand side is positive only for an Her- 
mltlan Hamfltonian. Or, although the Hamlltonian (13) appears to be so, it becomes 
highly non-Hermltlan when complemented with the rule concerning the bubbles 

The square of  the amplitude of the initial unperturbed state m the perturbed wave 
functmn is given by eq (B 13), whlch m the present case yields 

I~(n = 1, m, 1)12 = ( I - g W / ~ E )  -~  = [1 212V 2 1 -~ = __2g2 > 1 (23) 
4~22V2~ 2 f 2 - 1  

The fact that the modulus of an amplitude is larger than one is a further conse- 
quence of the non-Hermitian character of  tlle Hamiltonlan. The result (23) is consis- 
tent with the previous interpretation of diagram 6d since the corresponding contri- 
bution eliminates from the phonon a component  which should not be there (because 
of  the Pauli principle), the amphtudes of  the remaining components should increase. 
According to eq. (23) they increase from (292)- ~ (unperturbed phonon)  to (2~2 - 1 ) - ~. 
One can immediately see that this last one is the correct amplitude of a single particle- 
hole state if the blocking due to the presence of the odd particle is taken into account 
m the normal mode. 



P A R T I C L E - V I B R A T I O N  FIELD 9 

l( m, )) (m ,T) 

/T  
(re,I) (m j) (o) 

( m ~  'T) 

(mo,))l 

(c) 

(too,I) 

(too,T) ) o, ) "b 

( (d) 

Fig 6 Graphs  (a) and (b) represent  sections o f  two Feynman dmgrams v, hich, together, take into 
account  the ant lsymmetry o f  the lntermedmte state Successive mteractmns between the pamc le  

(m, 1) and (m,1)  hnes  gtve rise to two series o f  graphs which are obtained in field theory by 
substi tuting (c) and (d) in the corresponding sectmns Dtagram (e) Is forbtdden 

F~g 7 

~__I l(m,l) 
(,.,) (b) (c) 

Dmglams  cor respondmg to the melasttc excLtatmn process m the odd system 

Fig 8 

(m m',l) (a) X--- i" 
(c) 

Dmgrams corresponding to the one-body capture process populat ing tile partJclc-phonon 
state. 

We proceed to calculate the t ransmon matrix element of  the operator A~- [eqs (15)- 
(17)] from the single-particle state (m, 1) to the pamcle-phonon state In -- 1, m, 1 > 
We apply eq (B.8) Since there ts 11o correction to the energy of the smgle-pamcIe 
~tate, the derivative 8 V/~E vamshes for the mmal  state and the corresponding am- 
phtude equals one. The amphtude of the final state is the square root of (23). 

The effectlve m a m x  element in (B 9) represents the contnbutlon of all diagrams 
such that the m'tml and final states do not appear as mtermedmte states The dL~- 
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grams of fig 7 yield the series expansion 

(n = 1;111, llA~[m, 1)¢ = (n = IIA+[> + _ A  + - - A V  + . . .  (24) 
E - e  ( E - 8 )  2 

= (292)3~+A/(E-8 - V) 

= (2Y2)~(1 - 1/20) 

The total matrix element 1s given by the product of the amplitude {(n = 1; m, 1) 
t3mes the right-hand side of  eq. (24), namely 

(n  = 1, m, l lA;'lm, 15 = ( 2 0 - 1 )  ~, ( 2 5 )  

wluch again expresses the fact that one of the 20  partlcle-hole components is blocked 
in the odd system. 

The result (18) concerning the capture of  a nucleon in the state (m, 1), in a process 
populating the one-phonon state, is also modified by the presence of the odd particle 

The initial state Im, 1, m',  1) + + = Cmae,.q[) represents now a nucleus with two 
particles above the closed shell, which also has an amplitude equal to one The final 
state is the partlcle-phonon state In = 1, m'. 1). The &agrams of fig. 8 contribute 
to the effective matrix element m (B.9) 

(n = 1; m', llc,nx]m, 1; m', 1>~ -- 

A 

A A V  A V  2 
_ - - + - - + - - -  

(E-8)'- (~-& 
+ . .  

- - ( 2 0 )  - }  ( 2 6 )  
E - e - V  

The total transition matrix element is 

(n = 1; m', lJcmTIm, 1" m', 1) . . . .  (2ga--l)  -}, (27) 
' \ 2 0 - - 1 1  201 

which corresponds to the amplitude of the particle-hole paxr (ml,  m i )  m the one- 
phonon state if the smgle-parhcle state (m', 1 ) is blocked. 

2 3. T H E  T W O - P H O N O N  S T A T E  

The number of  graphs to be included in the present case increases considerably. 
However, the calculation may still be carried out to all orders of  perturbation theory. 
W~th this aim, we classify the diagrams according to the number of  independent 
summations over smgle-partlcle states In the first group, we consider graphs con- 
taming a single summatmn Their contribution can be cast into a series expansmn, 
which may be referred from diagrams 9a-9f. Thmr values are, respectively. 

8A4y2 16A60 16A4V 

- (e_e_a,)a(e_2e) + ( E _ e _ o ~ ) S ( E _ 2 g ) 2  - (e_8_~o)2(e_2¢ 
32AS12 64A 6 VK2 32AgVZY2 

- ( e -  ~ -  ¢o)4(E- 2~) 3 + ( e -  e - a 0 S ( E -  2 g )  3 - -  ( E  - -  8 - o J ) Z ( E  - 2~) 3 

= B(1 - b + b 2) --+ B/(1 + b), (28) 
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where 

8 A 4 ~  3 2 V 4 0 3  

(E - e - ro)2(E - 2~) (E - 2e + 2 VF2)Z(E - 2e) '  

2A 2 2V 2V 

b ( E - g - c o ) ( E - 2 ~ )  E - 2 e  E - 2 g + 2 V ~ 2  (29) 

The contnbutmn of diagrams containing a double summation over mtermedmte 
smgle-pamcle states may be cast into another series which is related to (28). The 

I 

i ' 

(o) (b) 

i i ~ 

t 

/ / 

\ ,  
i : 

(d) 

(g) 

! 
(e) 

(h) 

L 

t 

(c) 

(f) 

(i) 

Fig 9 Graphs describing the interaction between two phonons 

first order term of th~s series is obtamed from dmgrams 9g-91, which yield, respec- 
twely, 

32A8~ 2 _ 3 2 A 6 V f 2 2 ( 3 E - 4 ~ - 2 o . ~ )  3 2 A c V 2 ~  z 
+ = - B c ,  (30) 

( e - ~ - ~ ) ' ( ~ - 2 &  ( ~ -  ~ - , o ) 2 ( E -  2 &  ( E - ~ - c g ) 4 ( E - 2 e )  3 

where 

4 V2s'2(E - 2e - 2 VI2) 
C =  

( E - 2 g +  2 V f 2 ) 2 ( E - 2 e )  " 

We may check that subsequent terms of this second series yield 

- Be(1 - 2b + 362 . .) = - Bcl( l  + b )  2. (32) 
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The terms containing three independent summations gtve the contr lbuhons  

Be2(1  - 3b +662 + . . . )  = Bc2 / (1  + b )  3. (33) 

The contributions (28), (32) and (33), corresponding to the first three groups  o f  

d~agrams, are the first three terms of  a series which also may be added up. Thus,  
one obtains for W ( E )  

B B c  B c  2 B 
W ( E ) =  209+ - -  + - -  J- = 2o~+ - -  

l ± b  ( l + b )  2 ( l + b )  3 . . . .  l + b + c  

= 2 e - 4 V f 2 - 3 2 f 2 3 V 4 / [ ( E - 2 e )  3 +2V(E-2~)2(2 f2  - 1) 

+ 4vZy22(E - 2 e )  - 8V3f22] (34) 

Eq (B 12) has now four roots, namely 

2c9 + 21/ 
E = io~+~ (double root) (35) 

k2e 

The first e~genvalue hes an the ne ighboarhood  of  the energy of  the two-phonon  
state. It  ~s equal to the exact so luhon (appendix A)  and ~t exhtblts an anharmomcl ty  
,,n the collective wbrat~onal mot ion that  can be expressed as a p h o n o n - p h o n o n  mter- 
action energy o f  magnitude 2 V. The other two solutions are the unperturbed energies 
of  the intermediate states appearing m fig 9 ~ They correspond to spurious states 

3. Two single-particle degenerate excitations and the particle-hole monopole interaction 

The general vahd~ty o f  the results obtained m the previous sechon may be restricted 
because o f  the specml degeneracies there involved In order to ascertain which results 

remain vahd when these degeneracies are (at least parttally) hfted, we assume that  the 
states belonging to one o f  the two smgle-part~cle energies spht m two subsets with 
equal degeneracy f2 Thus, there appear  two single-particle excitation energies, 

+ and + ~f0) and e~o) We denote by am. bin. the corresponding fermlon creation opera- ~a 

tots The single-particle quan tum numbers  m and a have the same meaning as before 
The particles are coupled by the same interaction (3) Slmalarly to (4), we define 

Aa 4- + q- + 
= Z ~/,nl(/mT ' Ab E = bm 1 b,.T, 

m nl 

]~¢'a I = 2  + £ 1 m l a m l '  l~bl E + = bmlbml .  
i n  in 

N a T  ~'~ + + amTamT, NbT Z = = 6mTbmT, 
m m 

(36) 

* The fact that the root 2e also corresponds to an exact excltahon energy is only due to the specml 
degeneracies of the model. The same is true for the energy e m eq. (21) 
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where the s u m m a h o n  ~ extends over  O-states. 
Using the same arguments  as in sect. 2, we obta in  the field H a m d t o m a n .  The 

fermion componen t s  are 

H~ p = ½ea(Nal + NaT) + ½eb(Nbt + NbT), H;  b = -- VA+A,  (37) 

where the Har t r ee -Fock  partxcle-hole excitation energies are 

ea = e~ ° ) + V ,  eb = e ~ ° ' +  V, (38 )  

+ + 
and A + is the sum A a + A  b given in eq. (4) 

The  T D A  &spers ion  relation 1s 

1 f2 I2 
- - -  + - - ,  (39 )  

V ga - -  (.0 gb  - -  (O 

which has two roots  o~ and c%" 

co,/a = {(ea + eb -- 2 VI2) "T-{[(eb -- ea) 2 + 4V21223 ~. (40) 

The two creat ion opera tors  for  the T D A  phonons  are defined as 

where 
0~ + + + ]~+ + ^ + = ).Aa + P A b ,  = - p A a  + Z A b ,  (41) 

A ~ _  Aa , I t -  A~ _ A a (42) 
8 a - -  (.0 v ~ b - -  (.D~ ~b- - ( .Dx 8 a - - ( D  # 

~. = 

The  normal iza t ion  coefficients A~ and A a are given by 

f2 f2 --~ 
A ~ I a = { ( e _ o o ~ / a ) 2 + ( % _ o g ~ / , ) 2 } = V { f 2 + - - 2 V f 2 2 -  [(ea - eb) 2 + 4V2f22] -~ 't~ ( 43 ) "  

The independent  boson  H a m d t o m a n  and the part ic le-vibrat ion interact ion are, 
respectively, 

HD = co~+~+o~a/~+fl, 

H p ,  = - V < n ~  = l lA+l>[o~+a+A+o~]-V<na = l lA+I>[f l+A+A+fl]  (44) 

= - A ~ ( c ~ + A + A + ~ ) - A # ( f l + A + A + f l )  

The field opera to r  for  the inelastic scattering is written 

A~- = A + + ( n ~  = l [ A + [ ) = + + ( n p  = l lA+[)f l  + = A + +  A~ + +  A__Aafl+" (45) 
V V 

We concentra te  the &scussion of  this section on the odd system. We choose as 
basic subset o f  states the pair  

I s )  + ÷ = o~ amt[>, Ifl> = fl+am+ll>, (46) 
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wah unperturbed exc~tauon energies o9~ and o)a, respectively t We use the Bloch- 
Horowitz formahsm m order to simultaneously perturb these two states (appendix 
B) We construct an effective Harmltonmn within the two-dzmensmnal space (46) 
Each matrix element is obtamed from a set of  dmgrams analogous to the ones in 
fig. 5, where the odd pamcle  has been created by the operator a,.+~, and the mitml 
(~) and final (O) phonons may be e~ther ~ or ft. One thus obtains 

AaA ~ AoA~V AoAcV 2 
m ~ (  e )  = ¢,) ,,6 ,,~ + . .  

e - ~ .  ( e - ~ a )  ~ ( e - ~ y  

= coo6pz--AaAJ(E--e,-- V). (47) 

The determmantal eq (B.5) can now be written as 

I w=(E)-e  w.p(e) I 
w,.(~) w,p(e)-el  

= [E 2 - E ( , . + ~ b - 2 v O +  V)+~,~--(~+eb)VQ+ V ~ d ( E - ~ a ) / ( ~ . +  V - E )  = O. (48) 

The root E = ea corresponds to the unperturbed energy of the intermedmte state 
[as m (21) and (35)]. The first factor on the right-hand side of  (48) has the same roots 
as the secular equatmn m the fermmn treatment (appendix A), namely 

E± = ½(ea+eb--2Vf2+V)+½[(ea--eb+V)Z+4V212(f2--1)] "r. (49) 

The Schrodmger equation m the basic space and the normallzatmn condition 
determine the amphtudes 

(50) 

and yield 

where 

¢ = [ (E-  Wpp)(e-~a- V)(~-~.+ V~- V)/(V,-~.)]% 

¢p = - [ ( e -  W , , ) ( E -  ~a - V)(E - ~ + W -  V)/(E - ~.)]% (51) 

,7 = [(E-~a+ VO- V)2+ V2a(O- 1)]-~ (52) 

The phases correspond to the __+ sign m eq. (49). The ratio of the two amphtudes 
(51) is negative for both roots. This ~s due to the fact that the two elgenstates are 
orthonormal within the complete set of  states, but not wahm the basic subset. 

The matrix element corresponding to the inelastic process is calculated using ex- 

* The zero point of the energy has been placed at ~ea. It Js also assumed that eb > e, 
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presslon (45) for the operator A~: 

(~'[A~im:, 15 = ~:(cc[A~-[,n:, 1)e+~a(13iA~-[m:, 15e 

= (~,A~ + ~aaa)(E- ea)[ V ( E -  ca- V) 

= - r / (E-e~)f2  ~, (53) 

where the effective matrix elements are obtained from a graphical expansion Slmltar 
to the one represented m fig. 7. 

Similar expressions hold for the one-body capture process. Using fig. 8, we obtain 

t t ~ ! (~lbm,Tlrn b, 1, m~, 1) = ~,(cZlbm,wlmb, 1; m~, 1)e+~a(fllbm'Tlmb, 1; m., 1)e 

= (~A~ + ~aAp)(E- *a)/(E- eb)(E -- ca-- V) 

= - [ ( E -  ca)/(E- eb)] Vqf2*. (54) 

Expressions (49), (53) and (54) yield (21), (25) and (27), respectively, in the limit 
ea ~ e b. Moreover, they agree with the corresponding values which are derived in 
appendix A through the fermion calculation. Thus, we conclude that the exact agree- 
ment of sect 2 between the results corresponding to the fermlon and field treatments 
of  the residual interactions, extends also to the case m which the degeneracy of sect 2 
is (at least partially) lifted. 

Since for ea ~ eb the higher energy phonon (40) becomes non-adiabatic, we may 
also obtain from the present section the properties of the non-adiabatic phonons 
which are present in the case of degenerate particle-hole excitations 

Another interesting limit occurs for f2 = 1. In this case, the degeneracies of the 
particle-hole spectrum are completely removed, and there is a single two-particle, 
one-hole state such that the odd-particle is m the a~-[) state*. 

The state is represented by b+bTa+[) in the fermlon treatment. However, there 
are two roots (49) present in the field treatment, namely 

E = [eb-- V (49') 

The upper root corresponds to the real energy, while the lower one yields the un- 
perturbed energy e~ According to eqs. (53) and (54), the matrix elements of the ope- 
rators A~- and b T, corresponding to the population of the upper root, have the (cor- 
rect) value of one. In order to calculate the transition to the spurious root we note that 
the three quantities E - c a ,  E - C a +  V ( 2 - V  a n d  V 2 ~ ( ~ 2  - l )  are in this case of order 

- ~2- 1. Thus, the matrix elements (52) and (54) are of O(6 ~) for the lowest root 
and, therefore, vanish for 3 --* 0 In spite of the fact that there ~s a spurious state 
m our basis (46), this state cannot be populated, and the results of the fermion cal- 
culation are always reproduced. 

* We drop here the  subindex  m, which is r edundan t  for (2 = 1. 



16 D.R  B~Setal. 

4. Particle-hole degenerate excitations and the simultaneous treatment of a particle- 
hole and a pairing monopole residual interaction 

The fermton Hamfl toman ~s now written* 

H = H ~ p + H ~ b ,  H,p = { e o ( N  a+NT),  

1 + ] - / t . b  = _ ~ g ( A o  Ao + 40 40+)_zG(A +A~ + 4 t A  + + A + A T + A T A { ) ,  
where 

(55) 

(56) 

where 

similarly for the adjomt operator  A~. Thus, we obtain 

m p  v ~--- - -  Z A=(r+&+A+r~,), ( 6 0 )  
~t 

I V(no = IIA~-I> = V(20) ~, • = 0 
A= = (61) 

(G(n ,  I IA~I )  G(O) ¢, ~ = 1,1.  

The vertices cor respondmg to the interaction (60) are given in figs 10c and d. 

• The mteractmn/art b has been symmetnzed w~th respect to partmles and holes as m (3) 
• * The label ~ ~s the pmr-transfer quantum number. 

A ;  = A ÷ = E c,+,,,c,,,T, A ;  = X c L , ' L ,  = X c.Tc°,T. 
m m>O m>O 

c,,,~ have the same meaning as m sect 2, as well as the The operators H s p, No and + 
smgle-partmle quan tum numbers  (m, o-) The operator  era,+ is obtained f rom c,,,+ 
through the time reversal t ransformation 

The fermion treatment of  the Hamf l toman  (55) ls carried out m appendix A 
The procedure Is slmphfied because the SP .  algebra may be applied 9) 

We proceed to calculate the field Hamdtoman .  The single-particle basis satlfies 
the Har t ree-Fock  minimization condit ion as before. 

In  the present case, there is also a Har t ree-Fock contr ibut ion to the smgle-pamcle 
excitatmn energy, namely 

= e o + V + G .  (57) 

The smgle-pamcle term m the field treatment has the same expression as H" p 
m eq. (7)wi th  e given by (57) The &fference Hs p - I I ~ p  must  be added to Ht.b m 
order to obtain the four-point  interaction Hi' b to be used m the field treatment.  
This amounts  to subtracting f rom Ht b the Har t ree-Fock  self-energy msertmns. The 
vertices corresponding to Ht'b are g~ven m figs 10a and b. 

H~p = ½e(N 1 + NT) , H;b  = -- VA~A o -  G ( A : A  1 + A+AT). (58) 

Both particle-hole (e = 0) and pairing phonons  (e = 1, 1) are present in the m- 
dependent boson  H a m d t o m a n t L  As before, we treat only the adiabatic phonons  

= y ~=r:r=, O~o = e- -2Va,  oJ, = o, T = g-GI2.  (59) 

The pamcle-wbra t lon  interaction Hp v is obtained replacing A ] by (n ,  = 1 I A + I ) F  + 
m HI  b , where the matrix element of  A + Js obtained again in the T D A  We proceed 
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i "  (m',l) (m, I) 

(re,l) (m,]') (a) 

_ -  _ - - G  

(re,l) (~,11 (b) 

(m, l )  (m,~) ~ -A  0 

(c) 

=-A~ 

(d) 

Fig 10 The  vertices cor responding  to the  two-body interact ion (58) and  to the part icle-vibrat ion 
in teract ion (60). The  sign o f  the  vertices (a) and  (c) is discussed in fig 1 The  value o f  the vemces  
(b) and  (d) is as indicated an the  figure, when  the p a m c l e  hne  with m > 0 appears  to the left o f  
the  t ime-reversed state ~ < 0, for  all pairs  arr iving or  leaving the  vertex A minus  s~gn appears  for 

each in terchange o f  this  order  

(re.I) 

) 

\ 

[d) 

i 

(g) 

(N,5 

(~,T) [h) 
1 (,) 

(p) 

(e) 

(I) ' m) (n) (o) 

( J )  (k) 

t0 
Fig 11 G r a p h s  con t r ibu t ing  to the  mat r ix  e lements  o f  the  effective H a m d t o m a n  to be used x~lthm 

the  basic subset  o f  states (62) 
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The field Hamll toman H s p + Hi' b + H b  + Hp v. always mcludes the &agramatlc re- 
stncUons listed m sect 1. In addmon to the graphs contammg the bubbles of  fig. 2, 
&agrams m which a pair of  pamcles  (holes) in time reverse states are consecuhvely 
created and destroyed, must also be &sregarded. 

Our basic subset of  parhcle-phonon states is given by the two states 

10)  + "+ = Cm~I o 1), 11) = c~xI'~-I), (62) 

with unperturbed energies ~o o and o91, respectively The matrix elements of  the effec- 
tive Hamil toman are obtamed from fig. 11. Diagrams a-g  belong to a double senes 
which yields the &agonal term Woo(E )" 

A 2 A~V A2V 2 A~G 2A~GV 
Woo(E) = COo 

e - t  ( e - t )  ~ ( e - 0  ~ ( E - t )  ~ ( e - t )  ~ 

A2G2 V 3A2oG2V 2 

( e - O "  ( e - t )  ~ " 

A 2 A~G AzGzV  
= ( 0  0 

e - t - v  ( e - t - v y  ( e - O ( E - ~ - V )  ~" 

= e -  t -  v ( e -  t -  V y  / 1 - ( E -  t)(-U- t -  V) 

= t -  2 VI2(E - t)2/((E - t)(E - e - V) - G V). (63) 

The other diagonal matrix element, Wll(E) ,  is obtained from diagrams h-I 

A2V A2V 2 A2V 3 A~V2G 2AzlV3G WI,(E) = o ~  . . .  

( e - - t )  2 ( E - t )  3 ( E - t ) 4  ( E - t )  4 ( e - t )  5 

a21v A2V2 G 

= ~°1 - ( e - e ) ( E - t -  V) ( e - t ) Z ( E - e  - V) 2 + "  

= ¢o, - A ~ V / ( ( E - t ) ( E - ~ -  V ) -  GV) 

= t - G O ( E -  t ) ( e -  t - V ) / ( ( E  - c ) (E  - t -  V ) -  G V) .  (64) 
Finally, the non-dmgonal matrix element Wo~(E ) is given by the series corre- 

spondmg to &agrams m-q .  

Wol(E) = aoA__~l + AoA,___~V + . .  + AoAII /G 
e - t  ( E - O  2 ( e - O  ~ 

AoA1 AoA1VG - - - +  + . .  
e - -  t - -  V ( E  - t ) ( e  - t - V )  2 

= A o A , ( E  - ~ ) / ( ( e -  t ) ( E  - t -  V )  - VG) 

= a V O 4 ~ ( E - O / ( ( E - O ( E -  ~ -  V ) -  VO) 

2Ao Al VZG + + 
( w - O  4 

(65) 
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Equating to zero the determinant of the matrix W - E ,  we obtain the fourth-order 

equation 

(E-Q2((E-e) 2 +(E-Q(GO+ EVO- V)-GV(1 + 0 - 2 0 2 ) )  = 0, (66) 

which has two roots corresponding to the unperturbed energy e and two roots which 
coincide with those of  the fermion treatment 

E___ = e - ½ ( G O + 2 V O -  V)+½A, (67) 
where 

A = ( ( G O + 2 V D -  V) 2 +4VG(1 + 0 - 2 0 2 ) )  + . (68) 

The amphtudes of the basic states (62) are obtained usmg two equattons s~mdar 
to (50). They yield 

Go = -Y- 2v/{a ~ + a ( ( 2 v -  G ) o -  v - 2 v / o ) }  +, 

A -I- ( G D -  2VO + V) (69) 
C t = x/2{A 2 + A ( ( 2 V -  G ) O -  V -  2V/O)} + 

The diagrams contributing to the effective matrix element <01& + lm, 1>° are essen- 
tially the same as those contributing to Woo(E). For  the fermion component A~- 
of the operator At +, we must replace the mmal phonon by the creation of a particle- 
hole pair (fig. 3a) m the diagrams l la-g. Thus, the contribution of  the fermlon 
component A~- is (to o -  Woo)/Ao The contribution of the phonon component of 
A + is given by graph 7a, 

<01A~lm, l>e = <no = liagl>+(oo-Woo)/Ao = (20 )++  Ao 
E-8- -V  

AoG(E-e) (E-e)2(20) ½ . (70) 

+ ( E - ~ -  V)((E- ~)(~-~-  V)- GV) = (E-  ~)(E-~- V)- GV 

Similarly, the other effectwe matrix element as obtained through replacement of 
the mmal phonon by the creation of the particle-hole pmr m graphs 1 lm -q  

<llA/~lm, l>e = -Wo,/Ao = -G(O)+(E-8)/((E-a)(E-a-V)-VG). (71) 

Therefore, the total matrix element for the melastm scattering in the odd system is 

<~Jla/~lm, 1> = ¢o<01A/~lm, l>e+~<llA~-lm,  1>~ 

1 GO+2VO- V~A 
= T- - -  (72) 

x/f~ {A2 +_A((2V-G)O - V-2V/O)} + 

which agrees with the result of the fermion calculation. I f  (72) is expanded m powers 
of O -x, one obtains the result of ref. 2), where terms of order O -a and 0 -5 were 
calculated using Rayle~gh-Schr6dinger perturbatmn expansion. 
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5. Conclusions 

We have applied the nuclear field treatment 1) to s~mple but physically meaningful 
models, which are exactly soluble both with the fermlon and field treatments. The 
two methods give Identical results, ~f they are camed out to all orders of perturbation 
theory. 

The first model which is used consists of degenerate particle-hole excaatlons and 
a monopole pamcle-hole interaction (sect. 2). A detailed discussion of how the Pauh 
corrections are done w~thln the field treatment ~s presented for the odd system. In 

addtuon to the energy, these Pauh corrections affect the transition rates and the norm 
of the states 

The agreement of sect 2 does not depend on the particular degeneracies of the 
model, as is shown m sect. 3, where this degeneracy ~s partmlly hfted 

The basic set of states is also overcomplete, since we include both phonon and par- 
tJcle degrees of freedom. Even the proper states (to whom the mltml and final states 
are restricted) are too many as compared with the states of the fermion treatment 
An example of this s,tuation ~s discussed m sect 3, for the case of two non-degenerate 
parucle-hole excitations There are two proper partlcle-phonon states (wah the 
pamcle in a fixed state qS,), but there ~s a single two-partxcle one-hole antlsymme- 

trized ferm~on state with the odd particle m the same state q5 a One of the states 
obtained m the field treatment has the correct properties, while all the matrix ele- 
merits corresponding to transmons populating the second state vamsh In this way 

the field treatment also corrects for the overcompleteness of the bas~s Th~s overcom- 
pleteness is increased when pairing phonons are also included However. the field 
treatment reproduces the exact results also in th~s case 

Discussions with A. Bohr, P F Boltlgnon, T Marunaorl, B. R Mottelson and 
R P. J Perazzo are gratefully acknowledged 

Appendix A 

THE MATRIX ELEMENTS OF THE FERIVlION HAMILTONIAN 

A 1 MONOPOLE PARTICLE-HOLE HAMILTONIAN 

The operators A +, A and ½(Nx +NT--2Q)  obey the angular momentum conmu- 
tat;on relations of I+, I_ a n d / :  (quasi-spin formalism), namely, 

[A +, A] = N~ + NT--212, 

[½(N, + NT--2(2 ), A +] = A + (A.1) 

The smallest possible value of  Iz is --f2 which appears for ArT = N~ = 0. There- 
fore, the maximum value of I (I  = f2) occurs for closed-shell systems For the neigh- 
bourmg odd systems, the maximum value of I ~s f2-½. Unless specified we assume 
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one o f  these two representations, since the Hamll tonlan is such that  the states +,,th 

largest I lie lowest in energy. 

I t  is convenient  to label the states of  the even system by the number  of  particle- 
hole pairs, N = ½(N 1 +NT) .  Fo r  the nelghbourlng odd nuclei we specify the quan tum 
numbers  (m, a)  o f  the odd particle or  hole in addit ion to  the number  of  pamcle-  
hole pairs N = ½(N 1 +NT) .  In  this representation, the operators N1, N-f are diagonal.  
The matrix elements o f  A + are identical with those o f  I+, 

( N '  ]A +IN> = 6~.. ~, +1 [ ( 2 0  - N)(N + 1)] ~, 

Qn', a'; N'IA+Im, a; N )  = 5 . . . .  ,5 , ,~ ,5N, ,N+I[(2~?--N--I) (N+I)]  ~. (A_ 2) 

Using (A.2) we can evaluate the non-vamshmg matrix elements of  the monopo le  
particle-hole interaction (7). For  the degenerate particle-hole excitation model  we 

have, m the closed-shell system 

(N]H:  b IN)  = - V N ( 2 Q -  N + 1), (a .3)  

which yields, m particular,  the energms of  the state with one and two phonons  

( N  = I I H I N  = 1) = o) = e - 2 V f 2 ,  

( N  = 2IHIN = 2)  = 2 e - 4 V O + 2 V  = 2(o~+ V) 

In  the odd system, 

(m ,  a; NIH[b Ira, a ;  N )  = - V N ( 2 f 2 - N ) ,  

and thus, the excitation energy of  a pa r tMe-phonon  state is 

(A 4) 

(A 5) 

(a.6) 

(rn, a;  N = l lHlm, or; N = 1) - ( m , a ;  N = OlHlm, cr;N = O) = e - 2 V f 2 + V  = e)+ V. 

(A 7) 

Using the representation I = £2 -1  for  the closed-shell system we obtain the un- 
per turbed energy ~ = n0 + V as the excitation energy of  2~2-1  degenerate states. 
This same excitation energy is obtained in the odd system for I = £2 -  a 2 

The previous results can easily be extended to two degenerate particle-hole exci- 
tations. We now define the number  o f  particle-hole pairs as N c = ½(No1 +N¢~-) 
with c = a or  b, for the even system. For  the odd system we assume that  the pamele  

is m a state a, so that  Na = ½(Nat +NAT--1)  and Nb = ½(Nbx +NbT). 
Wi th  a degeneracy g2 for each excitation, the matrix elements o f  the operators  

A + are 
t + ( NclAc INc) = fiN'c, ~¢+1 [ ( I 2 -  Nc)(N~ + 1)3 ~, 

v ! t + ( m  a, a ; NaIA a[rna, a; Na) = 5 . . . . .  @,~, ,~ '5N' . ,u .+,[( I2-N.-1)(Na+ I)] ~, 

t t t + 
( m . ,  a ; Nu[a  b Ira., a;  N b )  = 6 . . . .  (A.8) 
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and the matr,x elements o f  the H a m d t o m a n  (7) are 

( N  a = 1, N b = 01Ht'b IN. = 1, Nb = 0)  = (N~ = 0, N b ---~ l i nch  jNa = 0, N b = 1) 

= ( N ~  = 1, Nb  = 0 1 n t b  [N~ = 0,  N b  = 1 )  = - - V f 2 ,  

(m~, a ;  N~ = 1, Nb = 0lHtb Ima, a ;  Na = 1, Nb = 05 

= (m~, a ;  N~ = 1, Nb = 01Htb.lm~, a ;  N~ = 0, Nb = 1) = - -V(O--1) ,  

(m~, a;  N~ = 0, N b = l l n t b . l m v  a ;  N,  = 0, Nb = 1) = - V O .  (A.9) 

The secular equation yields the roots 

co,/a = ½(ca + ~b)-- V O _  ½[(~, -- eb) 2 + 4 V 2f22]½, (A.10) 

for  the energy of  the phonon  and 

E_+ = ½(S,+eb--ZVl2+ V) _+ ½[(e, -- eb + V) 2 +4V212(12 - 1)] ~. (A.11) 

for the energy of  the odd system, while the amphtudes  are given by 

¢±(m a, 1; U,  = l ,  Ub = 0) = V [ ~ ( ~ - l ) ] %  

¢_+(m..  l .  U. = O. Ub l)  ( ~ - W + V - e + ) ,  = Va  e ~ - ~  = = _ . - -  , .  ( A . 1 2 )  
E± - e b  

where , ts given m eq (52) 
The matrix elements o f  the operator  A + between the mmal  particle state and the 

unperturbed states are 

(m~. 1. N~ = 1. N b = 0[A+Jm~. 1) = ( f 2 - 1 )  -+, 

(m~, 1; N~ = 0, mb = l{A+lm~, l )  = (2 ½. (A 13) 

Using eq (A 13) we obtain the matrix element to the physical states ~_+, 

(¢_+ IA +]m., a )  = - ( E ±  - e . ) e f 2  ~. (A. 14) 

For  the one-body capture process, 

(m  a, l .  N a = 1, N b = 0lbm,wlmb, 1; lL'a, 1) = 0, 

( m a ,  1 ;  N a = 0, Nb = l { b , . , x l n ' ~ ,  1. m~, 1) = - f 2 - "  (A 15) 

Thus the product  - ~ ± ( r n  a, 1, N.  = 0, Nb = 1)f2 -~ ~s also the matrix element o f  

the one-body capture process. 

A.2. MONOPOLE PARTICLE-HOLE PLUS PAIRING HAMILTONIAN 
+ + 

In th~s case the operators (4), (56), ~mCmlC~T a n d  their adjomts can be u~ed as the 
mfimteslmal generators of  the group SP4 or  R5 As for  the previous case, the matrix 
elements o f  the Harnd toman  (55) can be calculated using the marry× elements 
o f  the operators (56) in the lrreduclblc representation given m ref 9), ~ e, ( f2 . -½v+t ,  
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f 2 - 5 v - t ) ,  where v(< 2f2) is the senlonty and t (< mm(5v, f2-Sv)) is the reduced 
lsospm Furthermore, ~t ~s possible to Introduce the quantum numbers n~, nT, n o and 
na, where n l ( n T )  specify the number of parncle(hole)-paxrs and 

0 < n o <- f 2 - S v - t ,  0 < n B < 2t. ( A  16) 

W~th th~s classification we can denote the states as 

11) -- ]no -- 0, na -- 1, n 1 = 0 ,  H T = O, 0 = 1 ,  t = 5 ) ,  

]2) = ] n  o = 1,n o = 1, n 1 = 0 ,  n- i - = 0 , v  = 1, t = 5 ) ,  (A17) 

13) = Ino = O, n a = O, n 1 = 1, n T = O, v = 1, t = 5 ) ,  

corresponding to the single-particle state and (to leading order m f2-a) to the states 
(62) of the field theory. We obtain 

(21H12>-<l lnl l )  = eo+G-2Vt2  (1 \ 
1 1 ~ = e - 2 V ~ 2 + V + V / I 2 ,  
f2 2~ 2 / 

< 3 1 H l 3 > - < l l H I l >  = ~ o + V ( 1 - 1 )  - G f 2 ( 1 - 1 )  = e - G O - V / O ,  

(21HI3) = - V(2 (1+ 1 ) ( 1 -  1 ) )  ~- (A.18) 

The secular equation for the energy gives eq. (67). 
For the transition matnx element corresponding to the inelastic process, we use 

the matrix elements between states (A.17), namely 

(2] ~ a + x a . T [ 1 ) = .  (20 (1-- 1 ) ( 1 +  ~ ) ) ~ ,  (3[ ~ a+lamTI1) = .  f2 -~, (A 19) 

and we obtain the matrix element (72) for the physmal states. 

Appendix B 

THE BLOCH-HOROWITZ AND THE BRILLOUIN-WIGNER PERTURBATION EXPANSION 

The Schrodlnger equation, 

H I e )  = E I ¢  ) ,  (B 1) 



2 a D R B lZ iSe t a l  

may be expressed m terms of a complete set of states whtch ~s d:wded m two subsets. 
the basic subset la>, Ibm, •. and the complementary subset [rn>, In>, ., 

I¢,> = ~ ~la>+ ~ ¢,.n,,,> (B.2) 
a m 

One obtains an effectwe Hamdtoman W(E) which has the following matrix elements 
w~thm the basic subset 

1 
W.b(E) = H,b+ ~ H,,,<ml ~-~_ h In>H,,b, (B.3) 

mp t! 

where h denotes the part of H which has vamshmg matrix elements between two states 
belonging to different subsets (hm. = 0). 

The Schrodmger equatmn (B.1) is written m matrix form 

Z W.b(E)~b = E~. (B.4) 
b 

From eq (B 4) one obtams the ratm between the amphtudes of the states belonging 
to the basic subset plus the e~genvalue equation 

I W.b(E)-E~.~I  = o (B.5) 

The wave functmn 1~> must be normahzed within the complete set of states Using 
the expression for the amphtudes .~,,,, namely 

1 
4., = ~ <'nt ~ _ h  In>H.~., 

11, a 

(B.6) 

one obtains the normahzatlon equation lo) 

1 = (01O> = ~ 6,,,~,+ Z Ho,.<,nl E _ ~  In><nl E - h  }¢*~b 
a, b m,  n, p 

= 2 {6.b- ~ W.b(E)}~*~b 
a , b  

(B 7) 

The matrix element of an operator T corresponding to the transition between the 
states I¢> and [0'> w~th energies E and E', respectively, is 

<~'IT[~,> ~ ~*" ' =- gb,g.(b tT]a>~. (B.8) 
a , b  
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where the effective matnx  element ~s defined as 

( b ' l r l a ) ¢  = ( b ' l r l a )  
1 

+ ~ (b' lr lm)(ml ~ , ~  In )H, ,  
hi ,  n 

+ ~., Hb,,,.<m'[ ,1 in,><n,lZla > °,.,, -i:23-i 

,1 1 In)H. .  (B.9)  + Z H b ' m ' ( m [ - - '  In')(n'[Tlm)(rnl-~_h 
m. , ,  E - -  17 

m', n' 

In order to perform the perturbat]ve calculatmn, we d]v;de 

h = h(°)+h (1), (B.10) 

where the functLons Ira) are elgenfunctlons of h (°) We expand 

E - h  l E - h  (°' 1 ( 1 )" = ~=~o t¢~) (B.11) 
= E ~ h  (1) ' 

and we replace (B.11) m (B 3) and (B 9) 
The present formahsm ~s due to Bloeh-Horow~tz s). It has been apphed to the 

pamcle-vibratmn interaction m ref 1 ~). I f  the basle subset consists of  a single state, 
it reduces to the Brflloum-Wlgner perturbatmn expansion 7). In this case t, the secular 
equatmn and the square of the norm are given by 

E = W(E), (B.12) 

= (1-  °w] (Ba3) 

where we have dropped the subindex labelhng the basic unperturbed state 
The Brilloum-Wlgner perturbatmn expansion is diagrammatically expressed m the 

same way as the Raylelgh-Schrfdmger expansion In particular, the same rules for 
evaluating the numerators are valid. The two methods differ by 

0) in the Bnllouin-W~gner treatment, the differences between the exact energy 
E and the unperturbed energy replace the differences between unperturbed energies 
m the denominators of  the Rayle,gh-Schr6dmger expansion. 

(n) in the Brflloum-Wlgner treatment the mltml state never appears as an mter- 
medmte state since h (~) does not connect la) w~th any other state ]m). Therefore, 
the energy diagrams of the Rayleigh-Schrfdmger expansmn, in which the m,tml state 
is also an intermediate state, are taken into account through the use of  the exact 

? In the usual perturbatmn theory, aW/aE < 0 However, it turns out that the contnbutmns 
which make thls quantity negative, may Involve bubbles Since these contnbutmns are to be neglected, 
OW[aE may be positive. In particular for aW/OE = 1, the corresponding state cannot be nor- 
maltzed and corresponds to a spurious state 
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energy m the denonunators  In the diagrams corresponding to the transltzon matr ix  

elements they are taken into account,  m addit ion,  by the n o r m a h z a t m n  coefficient 

(B 13). 

References 

1) D. R B~s, G G Dussel, R. A Brogha, R Lmtta and B. R. Mottelson, Phys Lett 52B 
(1974) 253 

2) D. R B~s, R A. Brogha, G. G. Dussel and R Llotta, Phys. Lett. 56B (1975) 109 
3) H J. Llpkm, N. Meshkov and A J Ghck, Nucl. Phys. 62 (1965) 188 
4) D. R B~s and R. A. Brogha, Phys Rev. C3 (1971) 2349 
5) B R. Mottelson, J. Phys. Soc Jap suppl. 24 (1968) 87 
6) P. NOZl6res, Theory of interacting Fermi systems (Benjamin, New York, 1964) 
7) K Kumar, Perturbatmn theory and the nuclear many-body problem (North-Holland, Amster- 

dam, 1962) 
8) C Bloch and J. Horowltz, Nucl Phys 8 (1958) 91 
9) J A Evans and N. Kraus, Phys Lett. 37B (1971) 455 

10) D. R B~s, G. G. Dussel and H. M. Sofia, to be pubhshed 
11) G. G Dussel and R. L~otta, Phys. Lett 37B 0971) 477 


