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Abstract: The nuclear field theory is applied to physically meanmgful models which are
exactly soluble. The particles are coupled through monopole particle-hole and/or pairing
forces, which do not mix states with a different number of particles and holes It 1s possible to
sum up all the field diagrams and, thus, one obtains the exact results in all cases. Therefore,
the overcompleteness of the basis and the violations of the Paul principle are corrected for
within the field treatment

1. Introduction

A field treatment of a residual two-body interaction should have built-in mecha-
misms in order to correct for the violations of the Pauli principle and for the over-
completeness of the basis, which are inherent to the simultaneous use of both collec-
tive and single-particle degrees of freedom. More generally, 1t should reproduce
the results of a conventional shell-model diagonalization of the residual two-body
mteraction. The feasibility of such field theory was shown in ref. '), where the case of
particles moving 1n two levels and coupled through a monopole particle-hole force
was treated In ref ?) the overcompleteness of the field basis was increased so as to
mclude particle-particle (pairing) fields. In the present paper we clarify and extend
the calculations which were performed 1n refs. *2) We treat physically meaningful
models which are exactly soluble, both for the fermion and the field calculations.

In the field treatment one uses both particle and vibrational degrees of freedom.
The energies of the uncoupled particle fields must contan the Hartree-Fock contri-
butions of the two-body residual interaction The energy of the phonon fields are
obtamed through a RPA treatment of the same interaction

Both particle-vibration coupling vertices (fig 1c) and four-pont fermion vertices
(fig 1b)have to be included The former represent the matrix elements of the Ham-
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iltonian linking the normal (RPA) modes with the particle-hole states These two
couplings are allowed to act in all orders to generate the different diagrams of per-
turbation theory. The contribution of each diagram 1s evaluated by the usual rules,
with two restrictions

(1) Initial and final states are restricted to proper states Such a state mvolves
collective modes and particle modes, but not any particle configuration that can be
replaced by a combination of collective modes This restriction does not apply
to the internal lines of the diagrams.

(1) The internal lines of diagrams are restricted by the exclusion of diagrams in
which a particle-hole pair 1s created and subsequently annihilated, without having
participated 1n other interactions 1n between (bubbles)

These rules were stated i ref. ') Simular rules appear for the calculation of transi-
tion matrix elements corresponding to an operator @ which creates or destroys a
particle-hole pair. In the field treatment one must retain the vertices corresponding
to the fermion operator Q (fig. 3a) and also include the vertices representing the
creation and anmihilation of a phonon (fig 3b). The values of these last vertices
are given by the matrix element of the operator Q between the vacuum state and the
corresponding RPA normal mode. Simular restrictions as for the energy have to be
immposed for the evaluation of the diagrammatic expansion.

The nuclear field theory may also be applied when the collective states correspond
to pairing modes. In this case we disregard diagrams including particle-particle
bubbles. An operator P* which creates two particles has two vertices within the
field treatment: one representing the creation of the two fermions, the second one
corresponding to the creation or annihilation of a pairing phonon

2. Degenerate particle-hole excitations and a particle-hole monopole interaction

The fermion Hamultonian H includes a single-particle term H; , and a two-body
mnteraction H,

H=Hsp.+th, (1)
H,, = }eo(N;+Ny), )
H, = —%V(A+A+AA+), (3)
where
A" =Y ements  Ni=2 s Nt =X Cutlur 4

The operator c,, creates a particle n the state (m, ). The quantum number
o(c =1 or¢ = —1 = 1) denotes either the upper or the lower level. Each level has
degeneracy 2Q and the subscript m labels each degenerate state. Here, ¢, 1s the
distance between the two levels and V, the strength of the monopole particle-hole
interaction
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The fermion treatment of the Hamuitoman (1) 1s carried out in appendix A.
The procedure 1s straightforward, because of the applicability of the quasi-spin
formalism ?).

The fermion terms 1n the field treatment must include the Hartree-Fock contri-
butions of H, . Since the matrix element of the interaction (3) between the closed
shell state |> and any particle-hole state vanishes, the chosen single-particle basis
satisfies the Hartree-Fock minimization condition. Consequently, no change 1 the
single-particle wave function 1s required. However, there 1s a contribution to the
independent-particle energy ¢,, which 1s defined through the linearization equations

We obtain
& = —e&y = $(go + V), (6)

and write the pure fermion terms in the field treatment as
Hs,p = 81Nl—8TNT=12‘8(N1+NT),
t’b = - VA+A,

™

where the Hartree-Fock particle-hole excitation energy 1s given by
e =¢go+V 8)

The only vertex corresponding to the interaction H, ,,_is given in fig 1b. The differ-
ence between Hy, and H,, elimmates in this case the Fock single-particle insertions
of fig. 1a, which are present for the mteraction (3). An amount VQ 1s added to all
energies.

{m,!)

(m,1) (m)T) m)  (m)

N N
mn (] ™™ (c)

Fig 1 Graph (a) represents the Fock self-energy insertions Graphs (b) and (c) correspond to the
four-point vertex of the interaction (7) and to the vertex of the particle-vibration interaction (11),
respectively. The value of the vertices 1s as indicated 1n the figure, when the particle line appears

to the left of the hole line, for all pairs (m, 1, m, T) meeting the vertex A minus sign appears for
each interchange of this order

The pure boson term H,, corresponds to a set of independent phonons

20
Hy, = z olT, 9

1=1
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with eigenfrequencies w, given by the TDAT,

e=2VQ  (1=1)
o, = (10)

& (r=2,3,. ,2Q).
The particle-vibration mteraction H,, may be obtaned *) replacing first the opera-
tor AT by 3, <{n, = 1]A*[I'] m the mteraction H;, (7), and, subsequently, the
operator A by Y, (n, = 1|A*|>I',. Here {n, = 1|A*|) represents the matrix element
of the operator 4™ between the closed shell state and the state corresponding to the
ith root in the TDA

pYv

H,, = =Y A(A"T,+AI}) 1)

Thus, the coupling strengths A, are given by the product of the mteraction strength
V times the TDA matrix element of the operator A7, Le.
V) (1 =1)
A, = (12)
0 (:=2,3,..,2Q).
This value of 4, 1s also given ') by the matrix element of H,, between any particle-
hole state ¢, c,11> and the TDA state |n, = 1),

<n1 = IIHtlbcr-nFlcmTI> = —V(n‘ = 11A+|> = ~Al (12/)

In the present case, the non-adiabatic phonons are uncoupled from states involving,
for instance, only the adiabatic phonons [since the corresponding coupling strengths
(12) vanish and the energy denominators do not]. In the following, we only treat
states mnvolving the adiabatic phonon, and thus we drop the corresponding sub-
mdex i = 1.

The sum of terms (7), (9) and (11) constitutes the field Hamultoman H; One must
supplement this Hamiltonian with the diagrammatic restrictions listed in sect, 1. In
order to perform the diagrammatic perturbation treatment, we divide Hy in two parts

Hy=Ho+H', H,=H),+H,, H =H,+H,,. (13)

The zero-order term H, includes both systems of independent particles and pho-
nons. These two degrees of freedom are assumed to be independent, 1.e,

[T}, en] = [T cur] = 0. (14)

The vertices corresponding to H' are given 1n figs. 1b and ¢. The overcompleteness
implicit in the product basis is corrected through the perturbative treatment of H'.
If a given diagram 1s mncluded, any other diagram '), which 1s obtained from this
one through a time permutation of the vertices, must also be taken into account,
T Throughout this paper, the TDA is tdentical to the RPA, because the Hamiltonians that we

use [such as (1)] conserve the number of particle-hole pairs Consequently, they do not induce
ground-state correlations
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unless the new diagram is equivalent to the initial one and/or it contains vertices
different from those of figs. 1b and c.

Each diagram 1s computed according to the usual rules ¢). The numerator 1s given
by the product of the vertices appearing m the diagram. The sign of the vertices 1s
discussed 1n fig. 1. There 1s an additional mmus sign for each crossing of fermion
iines. The requirement of antisymmetry between fermion lines and of symmetry
between phonon lines 1s neglected for intermediate states. However, there 1s a factor
(n')™* for each subset of n identical phonons in initial and final states Unlinked
diagrams are neglected

The denominators of each diagram are calculated according to appendix B, where
the Brillouin-Wigner 7) and Bloch-Horowitz ®) perturbation treatments are briefly
reviewed.

If ¢ and VQ are of the same order of magnitude [which we take to be O(1)], a given
diagram contributes to a definite order 1n powers of 27!, each vertex 1b yields a
factor ¥ = O(Q'); each vertex lc, a factor A = O(2*); and each independent
summation over single-particle states, a factor 2Q

The fermion particle-hole transition operator Q must be replaced, within the field
treatment, by an operator including both particle and boson terms (fig 3). For n-
stance, the operator

Q = Z qmcr:l_lcm"f’ (15)

1S written as

Q= X <{n, = 11QDIF +Q. (16)
One must extend the definition of a bubble, which now includes processes in which
the particle-hole pair 1s created by the operator Q and destroyed by H’ (13), or con-
versely (fig. 2d).
Other operators, such as the one-particle creation or anmhilation operators, which
are used 1n one-particle transfer processes, do not have a boson image.

21 THE ONE-PHONON STATE

Any graph generated by the vertices of figs. 1b and c, and contributing to the energy
of the one-phonon state, involves at least a bubble. Therefore, there are no correc-
tions to the TDA energies (10), which concide with the energies of the fermion treat-
ment (see appendix A)

Simularly, there 1s a single diagram corresponding to the transition matrix element
of the operator A* between the closed shell and the one-phonon state Fig. 3b
represents this diagram The TDA value of the vertex 3b and, thus, the value of the
transition matrix element 1s

= 14%]) = Q) (17)

The one-body transfer operators have no corresponding phonon vertices Fig 4
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Vo

(a) (b) (c) (d)

Fig. 2 Any diagram containing these processes (bubbles) as part of 1t, must be disregarded The
cross at the beginning of fig. (d) denotes a particle-hole operator.

(m,) (m,1)
- zqm x.--j=<n=I|Q|>
(a) (b)

Fig 3. The two vertices corresponding to a particle-hole operator {eq (16)]

(m,1)
PR

{m,})

Fig 4 The diagram representing the population of a phonon state by a single-capture reaction
from the system with one more particle than the closed shell.

.

(m,1} (m,1)
/(m,l) (m, 1

{a) (b) (c) {d)

Fig 5. Energy diagrams for the particle-phonon state.
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represents the only possible diagram' representing the capture of a particle from be-
low the Fermi sea, and which 1s in the same m-state as the initial particle state
jm, 1> = ¢ |>. Its contribution 1s
(n = ljeyglm, 1> = -2 = —@) (18)
w—¢
The absolute value of this quantity 1s also the TDA amplitude of a particle-hole
state m the normal mode. Thus, the results of the present subsection do not go beyond
(but do not contradict) the values given by the TDA, which already agree with those
of appendix A.

22 THE PARTICLE-PHONON STATES

More interesting from the point of view of the field theory are the particle-phonon
states
In the odd nucleus, the diagram 5b contributes to the energy of the state
|n = 1; m, 1> with the value
AZ
— =V, (19)
0—e

which 1s of the order Q! with respect to the zero-order excitation energy . The
sum w+V (graphs 5a and 5b) 1s also the exact excitation energy (appendix A)
However, unlike the one-phonon case, many other diagrams are possible. For in-
stance, graphs 5c and 5d represent the contributions of order 272. In order to
calculate all the higher-order perturbation terms, 1t 1s convenient to use the Brillouin-
Wigner perturbation expansion'! (appendix B). We thus take into account only
diagrams in which the nitial state 1s not an intermediate state, and we obtain eq.
(B.12) for the energy. Graphs 5a, 5b, 5d, 5e, . yield a series expansion for W(E),
namely
A? A*V A*V?

W(E) = w— - - +
E—¢ (E—g)? (E—¢)
2 2
. L (20)
E—e¢-V E—c¢-V
Egs. (B.12) and (20) yield the two energes't?
E= {‘8‘”’ 4 (1)

Both roots coincide with the exact energies. The second one & 1s also the unper-
turbed excitation energy of the intermediate two-particle, one-hole state.

t The diagram of fig. 4 also represents the population of a non-adiabatic phonon. In this case,
both the numerator and denominator vanish [egs. (10) and (12)]. The value of the diagram has to
be obtained as a limiting process, such as the one outlined at the end of sect. 3 for &, — &,

1t The Rayleigh-Schrodinger perturbation expansion has been used in (18) and (19).
1t The zero point for the energies in the odd system 1s placed at 1¢
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In a Feynman diagrammatic expansion of the residual nuclear interaction, inter-
mediate states may violate the Pauli principle. However, for a given diagram m which
two fermion lines are simultaneously n the same single-particle state, there 1s another
diagram m which the corresponding end points are interchanged This second dia-
gram cancels the first onc. For instance, n fig. 6a, one of the possible intermediate
states has (m’, 1) = (m,, 1) This intermediate state cannot exist m the presence of
an odd-nucleon in the single-particle state (m,, 1). There 1s another diagram (fig 6b)
mn which the two particle Iines of graph 6a are exchanged. The crossing of these two
lines introduces a munus sign which cancels the component m’ = m, of the diagram
6a, which violates the Paul principle.

The diagrams 6a and 6b arc members of two subsets of graphs which are replaced
by diagrams 6c and 6d, respectively, within the field treatment of the residual inter-
action. The effect of the process °) represented in fig. 6d amounts to subtracting
a component which should not be present in the mtial state (fig. 6c).

Ordinary perturbation theory would predict a negative second-order contribution
AE to the energy of the particle-phonon state, smce the difference w— ¢ between the
unperturbed energies of the mitial and intermediate states 1s negative, and 6d is
the only second-order contribution-

AE = {n = 1;my, 1|H, , |my, 15 m, 1; Mg, 15
x (g, 13 my 1, my, HH, , |n = 1; my, 1)/(0—¢). (22)

However, diagram 6d(= 5b) gives the posttive value (19) The second-order con-
tributions which would make AE < 0 involve bubbles (fig. 6¢). Since these contri-
butions are to be neglected, the correction becomes positive. This does not contra-
dict eq. (22) since the numerator on the right-hand side 1s positive only for an Her-
mitian Hamultonian. Or, although the Hamuiltonian (13) appears to be so, it becomes
highly non-Hermitian when complemented with the rule concerning the bubbles

The square of the amplitude of the mmtial unperturbed state in the perturbed wave
function 1s given by eq (B 13), which in the present case yields

2Qv? }' Yoo20

ol ! (23)

n=1,m 1) = (1-CWJGE ‘1={1
l&( )I* = (1-GWISE) o1

The fact that the modulus of an amplitude s larger than one 1s a further conse-
quence of the non-Hermitian character of the Hamiltonian. The result (23) 1s consis-
tent with the previous interpretation of diagram 6d since the corresponding contri-
bution eliminates from the phonon a component which should not be there (because
of the Pauli principle), the amplitudes of the remaining components should increase.
According to eq. (23) they increase from (2©)~* (unperturbed phonon) to 22 —1) "%,
One can immed:ately see that this last one 1s the correct amplitude of a single particle-
hole state if the blocking due to the presence of the odd particle 1s taken into account
1n the normal mode.
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(mmD Hme ), 1} (m,D (Mo,

<<

' - 7 ()}
o (m,l)O(m,l) [ (mo.) (m°")[mo,n m
A i ( /’|) ’
m i) () (mo")(m/,l) {m.0)(b) @ (d) (e)

Fig 6 Graphs (a) and (b) represent sections of two Feynman diagrams which, together, take into
account the antisymmetry of the intermediate state Successive mnteractions between the particle

(m, 1) and (m,_l) lines give rise to two series of graphs which are obtamed in field theory by
substituting (c) and (d) in the corresponding sections Diagram (e) 1s forbidden

,(,--2 % %-
{m, 1)
(c)

(a) {b)

Fig 7 Diagiams corresponding to the inelastic excitation process m the odd system

*-n - -
(m1) (m} )
(c)

(a} (b)

Fig 8 Diagrams corresponding to the one-body capture process populating the particle-phonon
stdate.

We procecd to calculate the transition matrix element of the operator 4, [eqs (15)-
(17)] from the single-particle state {m, 1) to the particle-phonon state|n = 1, m, 1)
We apply eq (B.8) Since there s no correction to the encrgy of the single-particle
state, the derivative éW/AF vanishes for the mitial state and the corresponding am-
plitude equals one. The amplitude of the final state 1s the square root of (23).

The effective matrix element in (B 9) represents the contribution of all diagrams
such that the nitial and final states do not appear as mmtermediate states The dia-
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grams of fig 7 yield the series expansion
4 AV
n=1;m 45 m 1>, =<{n = AT D+ — + —— + ... 24
< AT, 13, = < = AT+ 22 4+ s (24)
= Q)+ A|(E—e=V)
= (2Q)¥(1-1/2Q)

The total matrix clement 1s given by the product of the amplitude &(n = 1; m, 1)
times the right-hand side of eq. (24), namely

(no=1,m, 1|47 |m, 1> = (2Q-1)%, (25)

which again expresses the fact that one of the 2Q particle-hole components 1s blocked
1n the odd system.

The result (18) concerning the capture of a nucleon in the state (m, 1), 1n a process
populating the one-phonon state, 1s also modified by the presence of the odd particle

The mutial state [m, 1, m’, 1) = c},ck,|> represents now a nucleus with two
particles above the closed shell, which also has an amplitude equal to one The final
state 1s the particle-phonon state {n = 1, m’, 1). The diagrams of fig. 8 contribute
to the effective matrix element mn (B.9)

2

{n o= 1;m, lc,vm, 1; m', 1), = 4 + AV S+ 214 5+

E—¢ (E—¢)° (E—¢)
A ;
= - = —(2Q)"* 26
= —(0) (26)
The total transition matrix element 1s
{n=1;m' 1c,tlm, 1;m', 1) = — (—29—)%(—1—)% = -(2Q-1)7% (27)
P e 20-1/ 20 '

which corresponds to the amplitude of the particle-hole pair (m1, m1) in the one-
phonon state if the single-particle state (1, 1) 1s blocked.

2 3. THE TWO-PHONON STATE

The number of graphs to be included 1n the present case increases considerably.
However, the calculation may still be carried out to all orders of perturbation theory.
With this aim, we classify the diagrams according to the number of independent
summations over sigle-particle states In the first group, we consider graphs con-
taining a single summation Their contribution can be cast into a series expansion,
which may be inferred from diagrams 9a-9f. Their values are, respectively.

8 . tea@ 164V
(E—e—w)(E~2¢) (E—e¢—w)(E~2:) (E—e—w)*(E—2e)
324850 644°VQ 324*vV2Q

- (E—e—w)(E-2¢)° * (E—e—w)*(E-2)° (E—¢—w)(E—2)’
— B(l—b+b?) - BJ(1+b), (28)
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where
5 84*Q _ 2V
(E—&~w)*(E—2¢) (E—2e+2VQ)HE—2¢)
242 2V 2V

- - = — . 29
(E—e—-w)(E—2) E-2¢ E—2e42VQ %

The contribution of diagrams containing a double summation over termed:ate
single-particle states may be cast into another series which 1s related to (28). The

P

{a)

3

k| TS

(b) (c)
e

(d) ) {f)

AN
N

|
|

(g)]

[
¢

Fig 9 Graphs describing the interaction between two phonons

(
(h) (1)

first order term of this series 15 obtamed from diagrams 9g-91, which yield, respec-
tively,

802 6 ONE — Aw . 41,202
324%Q _24%va (3E4 4¢ 2;1)) 4 324 I: Q = —Be, (30)
(E—e—0)*(E—2¢)° (E—e— o) (E~2¢) (E—e—w)(E—2¢)

where

_ AVQ(E—2:-2VQ)
(E—2e+2VQE~2¢)
We may check that subsequent terms of this second series yield

—Be(1-2b+3b6% ..) = —Be/(1 +b)?. (32)
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The terms contamning three independent summations give the contributions
BcA(1=3b+6b>+ ...) = Bc*/(1+b)>. (33)

The contributions (28), (32) and (33), corresponding to the first three groups of
diagrams, are the first three terms of a series which also may be added up. Thus,
one obtans for W(E)

WE) =20+ 2 — B¢ B g4
1+b  (1+b)*  (1+b) L+b+c
= 2e—4VQ—32Q°V*[(E—2¢)’ +2V(E —26)*(2Q—1)
+4V2QXE —2¢)—8V Q%] (34)

Eq (B 12) has now four roots, namely

20+2V
E = {w+e  (double root) (35)
2¢

The first eigenvalue lies in the neighbourhood of the energy of the two-phonon
state. It 1s equal to the exact solution (appendix A) and 1t exhibits an anharmonicity
111 the collective vibrational motion that can be expressed as a phonon-phonon mter-
action energy of magnitude 2V, The other two solutions are the unperturbed energies
of the intermediate states appearing in fig 97 They correspond to spurious states

3. Two single-particle degenerate excitations and the particle-hole monopole interaction

The general validity of the results obtained in the previous section may be restricted
because of the special degeneracies there involved In order to ascertain which results
remain valid when these degeneracies are (at least partially) Lifted, we assume that the
states belonging to one of the two single-particle energies split in two subsets with
equal degeneracy Q Thus, there appear two single-particle excitation energies,
el” and & We denote by a,, and b, the corresponding fermion creation opera-
tors The simgle-particle quantum numbers m and ¢ have the same meaning as before
The pariicles are coupled by the same interaction (3) Similarly to (4), we define

+ + + +
Aa - Z Q1 1 Ab - Z bmlme‘
m m

- + +
Ny = Zamlamh Mg = melbml’
m

m

Ny =) dyidmy,  Nop =, butbar, (36)

m

* The fact that the root 2¢ also corresponds to an exact excitation energy 1s only due to the special
degeneractes of the model. The same 1s true for the energy € in eq. (21)
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where the summation ) extends over Q-states.
Using the same arguments as in sect. 2, we obtain the field Hamiltonian. The
fermion components are

Hs’p = %.'83(Na1+NaT)+%8b(Nb1+NbT)3 l,b = —VA‘+A’ (37)
where the Hartree-Fock particle-hole excitation energies are
g, =4V, g =4V, (38)

and 4" 1s the sum A4 +4; given in eq. (4)
The TDA dispersion relation 1s

0 + 2 , (39)

<l~=
™

which has two roots o, and wy

Wyp = e, +es—2VR) Ti[(ep—e,) +4V2Q% T (40)
The two creation operators for the TDA phonons are defined as
af = AAS +pdy, BT = —pdS+iAy, (41)
where
A
A= A = Aﬂ—, n= A _ LA (42)
g,—®, &g £p— W, €, — g

The normalization coefficients A, and A, are given by
~4 2 1
Az,ﬂ={ Q S+ @ 2} =V{Qi 2;“2 T } (43)
(sa"‘wa/ﬂ) (sb—wa/ﬂ) [(sa—gb) +4V°Q ]-%

The independent boson Hamiltonian and the particle-vibration interaction are,
respectively,

H, = o0 a+w™p,
Hy, = —Vin, = 1A Dla A+ A a]=V<n; = 1ATD[FTA+AT]  (44)
= A" A+ A ) — A BT A+ AT P)

The field operator for the inelastic scattering is written
+ + + + + + P - AB +
Af = A7 +{n, = HA D" +<{ng = 1{AT D" = 4 +—I;oc +—V—ﬂ . (45)

We concentrate the discussion of this section on the odd system. We choose as
basic subset of states the pair

o) = aFamld, B> = BTaml> (46)
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with unperturbed excitation energies @, and g, respectively’ We use the Bloch-
Horowitz formalism in order to simultaneously perturb these two states (appendix
B) We construct an effective Hamultonian within the two-dimenstonal space (46)
Each matrix element is obtained from a set of diagrams analogous to the ones in
fig. 5, where the odd particle has been created by the operator a,f,, and the mitial
(¢) and final (p) phonons may be either a or 5. One thus obtains

. A A AV AAV?
WRlE) = O T Eap  (E—e)

= w,0,;—A,A,/(E—¢,~ V). 47
The determinantal eq (B.5) can now be written as

WulE)—E  Wu(E) |
Wso(E) Wya(E)—E|

= [E*~E(e,+e,—2VQ+V)+eep—(e,+8,)VQ+ Ve, (E—&,)/(e,+V —E) = 0. (48)

The root E = ¢, corresponds to the unperturbed energy of the intermediate state
[as 1n (21) and (35)]. The first factor on the right-hand side of (48) has the same roots
as the secular equation in the fermion treatment (appendix A), namely

E; = e, +e,—2VQ+ V)4 (e,—ep+ V) +4V2Q(Q -1 (49)

The Schrodinger equation in the basic space and the normalization condition
determine the amplitudes

it = E= )y 1= [22(1- 2} egj(i- D) -2, 2], (s0)
and yield
& = (E~Wy)(E—ea—V)E—e,+VQ—V)/[(E-e)]*n,
& = —~[(E= W )E—e,~V)E—e,+VQ-V)/(E=&)]n, (51)
where
n=[(E-—e+VQ-V)+VQQ-1)]"* (52)

The phases correspond to the + sign 1n eq. (49). The ratio of the two amplitudes
(51) 1s negative for both roots. This 1s due to the fact that the two eigenstates are
orthonormal within the complete set of states, but not within the basic subset.

The matrix element corresponding to the mnelastic process 1s calculated using ex-

t The zero point of the energy has been placed at 3¢,. It 1s also assumed that &, > €,



PARTICLE-VIBRATION FIELD 15

pression (45) for the operator 4y :
CYLAF Imy, 1y = ELalAf Imy, Do+ BIAS Img, 1),
= (LA +EpAgE—2)V(E—¢,—V)
= —n(E—e,)2, (53)

where the effective matrix elements are obtained from a graphical expansion similar
to the one represented i fig. 7.
Similar expressions hold for the one-body capture process. Using fig. 8, we obtain

<¢Ibm’T]m;w 13 my, 1> = éa(“lbm'Tlm;ﬂ 1! My, 1>e+§ﬂ<ﬁ|bm'Tlml’v 1’ m,, 1>e
= (éaAa+ éﬁAﬁ)(E —ga)l(E —8b)(E —&— V)

= —[(E—&)/(E—z,)]VnQ*. (54)

Expressions (49), (53) and (54) yield (21), (25) and (27), respectively, 1n the limt
g, — &,. Moreover, they agree with the corresponding values which are derived 1n
appendix A through the fermion calculation. Thus, we conclude that the exact agree-
ment of sect 2 between the results corresponding to the fermion and field treatments
of the residual interactions, extends also to the case in which the degeneracy of sect 2
is (at least partially) lifted.

Since for ¢, — &, the higher energy phonon (40) becomes non-adiabatic, we may
also obtain from the present section the properties of the non-adiabatic phonons
which are present i the case of degenerate particle-hole excitations

Another interesting limit occurs for Q = 1. In this case, the degeneracies of the
particle-hole spectrum are completely removed, and there 1s a single two-particle,
one-hole state such that the odd-particle 1s in the aj|) state'.

The state 1s represented by b} bya;|)> 1n the fermion treatment. However, there
are two roots (49) present 1n the field treatment, namely

E={®"V (49"
£,

The upper root corresponds to the real energy, while the lower one yields the un-
perturbed energy &, According to eqgs. (53) and (54), the matrix elements of the ope-
rators A; and by, corresponding to the population of the upper root, have the (cor-
rect) value of one. In order to calculate the transition to the spurious root we note that
the three quantities E—¢,, E—¢, +VQ—V and V2Q(Q—1) are 1n this case of order
3 = Q—1. Thus, the matrix elements (52) and (54) are of O(6%) for the lowest root
and, therefore, vanish for 8 — 0 In spite of the fact that there 1s a spurious state
in our basis (46), this state cannot be populated, and the results of the fermion cal-
culation are always reproduced.

t We drop here the subindex m, which 1s redundant for 2 = 1.
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4. Particle-hole degenerate excitations and the simunltaneous treatment of a particle-
hole and a pairing monopole residual interaction
The fernmon Hamiltonian 1s now wrtten'

H=H,,+H,,. H., = teo(N, + Ny),

Hiw = —3V(Ag Ao+ 4045 ) —3G(AT A, + 4, A + ATAT + A7 A7), (55)
where
AJ = A+ = ZCIZICHIT’ Air = Z CIZICH;I’ A_-ll— = Z CatCmT- (56)
m m>0 m>0

The operators H; ,, N, and ¢, have the same meaning as in sect 2, as well as the

single-particle quantum numbers (m, ) The operator cn, 1s obtaned from c,,
through the time reversal transformation

The fermion treatment of the Hamltonian (55) is carried out in appendix A
The procedure 1s simplified because the SP, algebra may be applied °)

We proceed to calculate the field Hamiltoman. The single-particle basis satifies
the Hartree-Fock minimization condition as before.

In the present case, there 1s also a Hartree-Fock contribution to the single-particle

excitation energy, namely
£ =gy +V+0G. (57)
The single-particle term 1n the field treatment has the same expression as H, ,
in eq. (7) with ¢ given by (57) The difference H, , —H, , must be added to H,, m
order to obtain the four-point mteractton H/, to be used in the field treatment.
This amounts to subtracting from H,, the Hartree-Fock self-energy insertions. The
vertices corresponding to Hy, are given in figs 10a and b.

H;, = %(N;+N7), Hy = —VA§ Ao—G(A] A + ATA7). (58)

Both particle-hole (@ = 0) and pairing phonons (& = 1, 1) are present in the in-
dependent boson Hamiltonian'®. As before, we treat only the adiabatic phonons

Hy=Y o, [[T,, 0,=¢-2VQ, o =0y =:—GQ. (59)

The particle-vibration interaction H, , 1s obtained replacing A by n, = 1|4 DT

in H{, , where the matrix element of A, is obtained agamn mn the TDA We proceed
sumilarly for the adjoint operator A,. Thus, we obtain

- Z Aa(r:Aa+A:F1*) > (60)

)
i

where
Ving = HAZD = V(2Q):, a=0
A, = ¢ 0 (29) B (61)
G<{n, = 14> = G(Q)?, x=1,1

The vertices corresponding to the interaction (60) are given in figs 10c and d.

t The interaction H, , has been symmetrized with respect to particles and holes as in (3)
tt The label o 1s the pair-transfer quantum number.
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{my) (m, 1) (m,1} (W1 — (m,1) (@,
Voo Vs YAO h,
() (D) oy [mD @D, (<) (d)

Fig 10 The vertices corresponding to the two-body mnteraction (58) and to the particle-vibration

interaction (60). The sign of the vertices (a) and (c) 1s discussed 1n fig 1 The value of the vertices

(b) and (d) is as indicated 1n the figure, when the particle line with m > 0 appears to the left of

the time-reversed state # < 0, for all pairs arriving or leaving the vertex A munus sign appears for
each interchange of this order

i
g

(h) (v)

(e)

§)] (k)

(n) (o) (p)

Fig 11 Graphs contributing to the matrix elements of the effective Hamultonian to be used within
the basic subset of states (62)
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The field Hamiltoman H{ , + H{, +Hy+H, . always includes the diagramatic re-
strictions listed 1n sect 1. In addition to the graphs containing the bubbles of fig. 2,
diagrams 1 which a pair of particles (holes) in time reverse states are consecutively
created and destroyed, must also be disregarded.

Qur basic subset of particle-phonon states is given by the two states

0y = e gy, 11 = earl' T, (62)

with unperturbed energies w, and w,, respectively The matrix elements of the effec-
tive Hamiltoman are obtamed from fig. 11. Diagrams a-g belong to a double series
which yields the diagonal term W ,(E)’

A} AV AdV? A2G 242GV
VVoo(E)=’0‘— - 2"‘ 3...—' 2—‘ 3
E—¢ (E—¢)* (E-¢) (E—¢)* (E-¢)
_ AG*V 343GV
(E-e)*  (E—¢)’
o A5 A6 AEG*V
* E-e—V (E—e—V)* (E—e)(E—c—V)*
A2 A%G /( GV )
= a)o— —_ 1-——
E—e—V (E—e—V) (E—e)(E—e—V)
= ¢~ 2VQ(E—¢)*|(E—e)(E—&e—V)—GV). (63)
The other diagonal matrix element, W,,(E), 1s obtained from diagrams h-1
2 2172 2173 27,2 27,3
Wor(E) = o, — AIVZ_ A1V3__ A1V4_. ._AIV(i_ZAIV f—
(E—¢)* (E—g)® (E—¢) (E—¢) (E—¢)
W ATV AIV2G
- 1

C(E—e)(E—e—V) (E—e)(E—e-V)?
= w,— A}V/((E—e)(E—e—V)—GV)
= ¢~ GQE~s)(E—e—V)/(E-<)(E—e—V)—GV). (64)
Finally, the non-diagonal matrix element W, (E) 1s given by the series corre-
sponding to diagrams m-q.
Aody | AoAV A A VG | 24,4,V3G
}VOI(E)= 01+ 012 L+ 013+ 014
E—-¢ (E-g¢) (E—¢) (E—¢)
_ A4, + A A VG +
E—¢—V (E—e)(E—e-V)
= AoA(E=2)[((E—e)(E—e~V)-VG)

= GVQ/2(E—e)[(E~¢e)(E—&e—V)—VG) (65)
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Equating to zero the determmant of the matrix W— E, we obtain the fourth-order
equation

(E—e)’((E—e)* +(E—e)(GQ+2VQ—-V)-GV(1+Q-20%)) =0, (66)

which has two roots corresponding to the unperturbed energy € and two roots which

coincide with those of the fermion treatment

E, = e—3(GQ+2VQ-V)+14, (67)
where
4 = ((GR+2VQ-V) +4VG(1 +Q-2Q%))*. (68)

The amphtudes of the basic states (62) are obtamned using two equations similar
to (50). They yield

F2V {42 £ A((2V - G)Q—V -2V |Q)}E,

4+(GQ-2VQ+V)
2L A((QV - G)Q-V —2V/Q)}

So

¢

(69)

The diagrams contributing to the effective matrix element {0}4; |m, 1), are essen-
tially the same as those contributing to W,o(E). For the fermion component 45
of the operator A;", we must replace the initial phonon by the creation of a particle-
hole pair (fig. 3a) in the diagrams 1la-g. Thus, the contribution of the fermion
component Ay is (wo— Wyo)/Ae The contribution of the phonon component of
At is given by graph 7a,

COLAF Im, 15, = <o = 1AZIS+ (00— Woo)lAo = (2@)F+ -2
E—eg=V
AoG(E—¢) _ (E-eree)

+ = . (70)
(E-e—=VY(E-e)(E—e—V)—GV) (E—e)(E—e—-V)—-GV

Similarly, the other effective matrix element 1s obtained through replacement of
the imitial phonon by the creation of the particle-hole pair in graphs 11m-q

AT Im, 1 = —Woildo = —G(QHE—e)/(E—e)(E—2e—V)—-VG). (71)
Therefore, the total matrix element for the inelastic scattering 1n the odd system 1s
<‘I/|Af+ln1’ 1> = fo(OIAﬂm, 1>e+€1<1lA:-|m, 1>e

e GQ+2VQ-VFA )
V29 {4*+ A2V -G)Q—V —2V|Q)}*

which agrees with the result of the fermion calculation. If (72) 1s expanded 1n powers
of 271, one obtains the result of ref. 2), where terms of order 27! and Q2 were
calculated using Rayleigh-Schrédinger perturbation expansion.
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5. Conclusions

We have applied the nuclear field treatment ') to simple but physically meanmgful
models, which are exactly soluble both with the fermion and field treatments. The
two methods give :dentical results, if they are carried out to all orders of perturbation
theory.

The first model which 1s used consists of degenerate particle-hole excitations and
a monopole particle-hole interaction (sect. 2). A detailed discussion of how the Pauli
corrections are done within the field treatment 1s presented for the odd system. In
addition to the energy, these Pauli corrections affect the transition rates and the norm
of the states

The agreement of sect 2 does not depend on the particular degeneracies of the
model, as 1s shown in sect. 3, where this degeneracy 1s partially lifted

The basic set of states 15 also overcomplete, since we include both phonon and par-
ticle degrees of freedom. Even the proper states (to whom the mut:al and final states
are restricted) are too many as compared with the states of the fermion treatment
An example of thss situation 1s discussed in sect 3, for the case of two non-degenerate
particle-hole excitations There are two proper particle-phonon states (with the
particle in a fixed state ¢,), but there is a single two-particle one-hole antisymme-
trized fermtion state with the odd particle in the same state ¢, One of the states
obtained in the field treatment has the correct properties, while all the matrix ele-
ments corresponding to transitions populating the second state vanish In this way
the field treatment also corrects for the overcompleteness of the basis This overcom-
pleteness is mcreased when pairing phonons are also included However. the field
treatment reproduces the exact results also 1n this case

Discussions with A. Bohr, P F Boitignon. T Marumori, B. R Mottelson and
R P. J Perazzo are gratefully acknowledged

Appendix A
THE MATRIX ELEMENTS OF THE FERMION HAMILTONIAN
A1l MONOPOLE PARTICLE-HOLE HAMILTONIAN
The operators A, A and $(N, + N1t —2Q) obey the angular momentum conmu-
tation relations of I, 7_ and I, (quast-spm formalism), namely,
[A*, A] = N,+N1—2Q,
[3(N,+Nt=-2Q), A" = 4" (A1)

The smallest possible value of I, is —Q which appears for Ny = N; = 0. There-
fore, the maximum value of I (I = Q) occurs for closed-shell systems For the neigh-
bouring odd systems, the maximum value of 7is @ —1. Unless specified we assume
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one of these two representations, since the Hanultonian 1s such that the states with
largest I lie lowest 1n energy.

It 1s convenient to label the states of the even system by the number of partcle-
hole pairs, N = 4(N, + N7). For the neighbouring odd nuclei we specify the quantum
numbers (im, ¢) of the odd particle or hole in addition to the number of particle-
hole pairs N = (N +N+5). In this representation, the operators Ny, Ny are diagonal.
The matrix elements of 4™ are 1dentical with those of I,

(NIATINY = oy v, [22 - NN+ DT,
<}nla O"; Nl|A+I’n9 g; N> = 5rn,m’5a,a’5N’,N+l[(2Q_N—1)(N+1)]Ji‘ (‘\ 3)

Using (A.2) we can evaluate the non-vamishing matrix elements of the monopole
particle-hole interaction (7). For the degenerate particle-hole excitation model we
have, 1n the closed-shell system

{NI|H;, [N) = —VN(Q2Q—-N+1), (A.3)
which yields, 1n particular, the energies of the state with one and two phonons
(N=1HIN=1) =0 =¢-2VQ, (Ad)
(N =2|H|N =2) =26—4VQ+2V = 2(w+V) (A3)
In the odd system,
{m,o; N|H{y|m,o; N) = —VN(2Q~N), (A.6)
and thus, the excitation energy of a particle-phonon state 1s
{m,o; N=1{H|m,o; N =1)~{m,0; N=0|H|m,o; N=0) =e¢-2VQ+V = w+V.
(A7)

Using the representation I = Q-1 for the closed-shell system we obtain the un-
perturbed energy & = go+V as the excitation energy of 2Q~—1 degenerate states.
This same excitation energy 1s obtained in the odd system for 7 = Q—3%

The previous results can easily be extended to two degenerate particle-hole exci-
tations. We now define the number of particle-hole pairs as N, = 3(N,;+N,7)
with ¢ = a or b, for the even system. For the odd system we assume that the particle
1s 1 a state a, so that N, = 3(N,; +N,v—1) and N, = (N, +Ny7)-

With a degeneracy Q for each excitation, the matrix elements of the operators
A* are

ANJATING = Sye, yer s [(Q— NN+ DT,
<r";’ O"; N;lA: Imaa g, Na> = 5:11,,, m’a(so', u"SN'a, Na+ 1[(9 - Na_ 1)(Na + 1)]*’

(m;, G,; NI,JIA;-[lna’ ag; Nb> = 5ma,m’ada,a’5N'b,Nb+ 1[(Q“Nb)(Nb+1)]i" (A'g)
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and the matrix elements of the Hamultoman (7) are
(N, =1,N, =0[H{|N, =1, Ny, = 0> =N, =0, N, = LHH{y [N, =0, Ny, = 1)
={N,=1,N,=0H{, [N, =0,N, = 1> = -V,
{m,, 0; N, =1, Ny =0[H/,|m,,06; N, =1, N, =0}
={m,06; N, =1, Ny, = 0|H/,|m,,6; N, =0, N, = 1> = —V(2-1),
{m,,0; N, =0, Ny = 1|H{, |m,,0; N, =0, N, = 1) = ~VQ. (A9)
The secular equation yields the roots
Wyp = Heaten)— VLI (e, —2) +4V QT (A.10)
for the energy of the phonon and
Ey = Me,+6,—2VQ+V) 13 (e.— 8o+ V) +4V?QQ - 1) (A.11)
for the energy of the odd system, while the amplitudes are given by
Eu(m, 1; N, = 1, Ny, = 0) = V[Q(Q—1)]*n.
Es(myu I, N, =0, Ny = 1) = (5,2—VQ+V—E, )y = Vggi—”ﬁ 1, (A12)

+—&

where 7 1s given n eq (52)
The matrix elements of the operator 4* between the mnitial particle state and the
unperturbed states are

(ngy 1, N, =1, N, = 0|47 |m,, 1) = (Q-1)},
{my, 1; N, = 0, Ny = 1]4*|m,, 1> = QL. (A 13)
Usmg eq (A 13) we obtain the matrix element to the physical states 4,
f oAt |m,, 6> = —(E. —e,)nQt (A.14)
For the one-body capture process,
{m,, 1. N, = 1, N, = 0]b,,glmg, 15 11,, 1) =0,
{mg, 13 N, = 0, Ny = 1bpimp, Lo, 1> = —Q7F (A 15)

Thus the product —¢,(m,, 1, N, = 0, Ny, = 1)27% s also the matrix element of
the one-body capture process.

A.2. MONOPOLE PARTICLE-HOLE PLUS PAIRING HAMILTONIAN

In this case the operators (4), (56), Y .1 cat and their adjoints can be used as the
mfinitesimal generators of the group SP, or R5 As for the previous case, the matrix
elements of the Hamiltonian (55) can be calculated using the matrix elements
of the operators (56)n the rreducible representation giveninref °), 1e. (Q—3v+¢,
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Q—1v—1), where v(< 2Q) 1s the seniority and (< min(3v, 2—4v)) 1s the reduced
1sospin  Furthermore, 1t 1s possible to introduce the quantum numbers n,, ny, 1, and
ng, where n,(nt) specify the number of particle(hole)-pairs and

0<n,=Q—-1v—1t, 0=np =21 (A 16)
With this classification we can denote the states as
1) =|ng =0,np=1Ln =0,ny =0,0=1,1=1),
12) =lng=1,n,=1,n =0,ny =0,v=11=1, (A17)
13> =|no =0,ny =0,n = 1,0y =0,v=1,¢ =15,

corresponding to the single-particle state and (to leading order in 7 1) to the states
(62) of the field theory. We obtain

QIH|2>—1H|1) = gg+G—2VQ (1— é—zé) = e-2VQ+V+V/R,
GIH|3Y—<1H|1Y = £0+V(1— é) —~GQ (1— ;—2) =e—GQ-V/Q.
QIH|3) = —V(Z (1+ 515)(1— 15))% (A.18)

The secular equation for the energy gives eq. (67).
For the transition matrix element corresponding to the imelastic process, we use
the matrix elements between states (A.17), namely

2| Z':"a,:lamﬂl} = (29 (1— é) (1+ %}))i, 3 ; ahagI1> = Q7% (A19)

and we obtain the matrix element (72) for the physical states.

Appendix B
THE BLOCH-HOROWITZ AND THE BRILLOUIN-WIGNER PERTURBATION EXPANSION

The Schrodinger equation,

HIYY = EW), (B 1)
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imay be cxpressed 1n terms of a complete set of states which is divided in two subsets.
the basic subset |a), |[b), .. and the complementary subset [m), [n>, .,

Il,b> = Z éa|a>+ Z éml'n> (B'z)

One obtains an effective Hamultonian W(E} which has the following matr:x elements
within the basic subset

i
W(E) = Hyp+ Y. H,.(ml Y [n>H,, (B.3)

m,n —n

where /2 denotes the part of H which has vanishing matrix elements between two states
belonging to different subsets (4,,, = 0).
The Schrodinger equation (B.1) is written in matrix form

; Wab(E)fb = E¢, (B-4)

From eq (B 4) one obtains the ratio between the amplitudes of the states belonging
to the basic subset plus the eigenvalue equation

Wa(E)~Ed | = 0 (B.5)

The wave function |/) must be normalized within the complete set of states Using
the expression for the amplitudes ¢,,, namely

=3 (ml |n>H,,,,£,,‘ (B.6)

n,a

one obtains the normalization equation %)

L= > = 3 ot T oG ~—|n><n1v Ip>H,,b}€ ¢

m,n,p

-3 [ (o Wa,,(E)} %, (B7)

The matrix element of an operator T corresponding to the transition between the
states i) and |Y'> with energies E and E’, respsctively, 1s

YT = Z SrSalHITIa) (B.8)



PARTICLE-VIBRATION FIELD 25

where the effective matrix element is defined as
H|Tlay. = {b'[Tla)

1
+ b|T ——|ndH,,
% b1 TIm>Cml —— In

nt,n

1
E'—h

+ ) Hyp (| In">{n’| Tla)

1 1
+ H, . .(n'| n' Y[ Tim>{m
:;" b€ E’—nl > TimH< ‘E-h

m',n’

|n>Hna (B'9)

In order to perform the perturbative calculation, we divide
h = WO+ ph), (B.10)

where the functions [m) are eigenfunctions of A® We expand

! L v (h”’ y_l-_)v, (B.11)

E—h E—n® % E—p®

and we replace (B.11) 1n (B 3) and (B9)

The present formalism is due to Bloch-Horowitz ®). It has been applied to the
particle-vibration interaction 1n ref '!). If the basic subset consists of a single state,
it reduces to the Brilloutn-Wigner perturbation expansion 7). In this case’, the secular
equation and the square of the norm are given by

E = W(E), (B.12)
1¢1* = (1— %)”1’ (B.13)

where we have dropped the subindex labelling the basic unperturbed state

The Brillouin-Wigner perturbation expansion is diagrammatically expressed in the
same way as the Rayleigh-Schrodinger expansion In particular, the same rules for
evaluating the numerators are valid. The two methods differ by

(1) in the Brillouin-Wigner treatment, the differences between the exact energy
E and the unperturbed energy replace the differences between unperturbed energies
in the denominators of the Rayleigh-Schrodinger expansion.

(1) 1n the Brilloun-Wigner treatment the nitial state never appears as an inter-
mediate state since 4 does not connect |a> with any other state |m). Therefore,
the energy diagrams of the Rayleigh-Schridinger expansion, in which the mitial state
15 also an intermediate state, are taken into account through the use of the exact

t In the usual perturbation theory, dW/0E < 0 However, 1t turns out that the contributions
which make this quantity negative, may involve bubbles Since these contributions are to be neglected,

dW/9E may be positive. In particular for dW/0E = 1, the corresponding state cannot be nor-
malized and corresponds to a spurious state
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energy in the denominators In the diagrams corresponding to the transit:on matrix
elements they are taken into account, 1n addition, by the normalization coefficient

¢ (B 13).
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