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Abstract: Numerical solutions for the T =  l pairing collective Hamiltonian are obtained. In the 
flrst place, the problem o f the rigid rotor is solved, for any valué o f  the asymmetry parameter F. 
Secondly, the potential energy surface due to the pairing forcé is constructed. A  model 
potential, which reproduces the most important features o f the pairing-force surface, is 
diagonalized within the basis corresponding to the six-dimensional harmonic oscillator. Thus, 
the properties o f  the collective motion can be followed from the vibrational limit to the 
different possible rotational limits.

1. Introduction

In paper I o f this series ‘), a collective treatm ent o f the pairing interaction be- 
tween identical partidas was developed and, in paper II, the description was ex­
tended to  the case in which both  protons and neutrons were present and interacting 
through a y  =  O, charge-independent forcé ^). The m otivation o f this series of papers 
is discussed in the introductions and concluding rem arks o f the papers I and II and 
will therefore not be repeated here.

In  II, the collective variables were defined following the ideas o f ref. and, sub- 
sequently, the transform ation from  the laboratory to  the intrinsic system and the 
quantization o f the kinetic energy were worked out. The general structure o f the wave 
functions and the symmetries o f the problem  were discussed. The solutions for the 
harm onic case were outlined in order to  construct the invariants o f the problem.

In  this paper we obtain the solutions of the collective ham iltonian derived in II for 
different cases. In sect. 2 we review some results which are useful for later calculations. 
In  sect. 3 we treat the case o f the rigid ro to r which can be solved analytically in two 
extreme cases, namely when the system stabilizes around F  = 0° ot F  = 45°. In  sect. 4 
we deal w ith the harm onic case, since a more general situation will be solved following 
the same idea o f  ref. “ ), i.e. by diagonalizing anharm onic term s within a large but 
finite set o f phonon states. Finally, in sect. 5 the potential energy surface arising from 
a puré pairing forcé acting between partióles moving in two equally degenerate levels 
is considered. D ue to  the analytic structure o f the energy surface, the actual calcula­
tions are perform ed for a model potential energy surface having similar properties 
as the corresponding pairing-force surface.

t Fellow o f  the Consejo Nacional de Investigaciones Científicas y Técnicas.
On leave o f  absence from the University o f Minnesota.

298



We can thus follow the properties o f the ro tational m otion as a function o f the axial 
anisotropy, and  the properties o f the to tal collective m otion from  the vibrational to  
the different ro tational limits. F o r the interm edíate situations, we obtain valúes for 
the energies, two-body transfer m atrix elements and a-transfer m atrix elements. A 
com parison with the experimental data will be perform ed in a subsequent paper o f  
this series.

2. Review

We briefly review here some properties o f the Schródinger equation corresponding 
to  the r  =  1 pairing collective H am iltonian tha t was obtained in ref. ^).

The six degrees o f freedom o f the problem  are split into two groups. F our o f them  
are the angles 9¡, (j) specifying the orientation o f the intrinsic frame in the isospin and 
gauge spaces. The rem aining two are deform ation param eters: A measures the total 
d istortion  o f  the system and F  gives the departure from  axial symmetry.

Assum ing tha t the mass param eter B  is independent of the deform ation [eq. (8) 
ref. ^)], the Schródinger equation reads:

{i;e. +  r , i , +  r , +  r « , , +  F(zl,r)}<PM ,T,r. =  (1)

1 f 1 d . o 1 3 5 3 1 , X
r„ib = -------“ T------------—  sin 4 r  —  H------ - —  A —  , (2)

2 B Ü ^ s i n 4 r a r  d r  dA dA)

T  + T + T .  =  í - ^ l -  +  +  - C -  +  2 ^ +  - ^ 1 .  (3)
® Icos^ 2 r  cos^ r  sin^ r  cos^ 2F  cos^ 2 r l

Here the Qj  are the angular m om entum  operators (in the intrinsic system) and M  
is the operator corresponding to  the num ber o f  pairs. The eigenfunctions o f this 
H am iltonian have T, T.  (total isospin and  its projection on the lab z-axis) and the 
num ber o f pairs M  as good quantum  numbers. This fact, plus the symmetry proper­
ties o f  the H am iltonian, allows to  write the wave function as

í'« rr .(9 ., í .  n

\  l6n  /  Kgo

where the quantum  num bers associated with the m otion in A and F  rem ain yet un- 
specified.

The eigenfunctions (4) are orthonorm alized using the volume element

d r =  iB ^J^Isin  4F\áÜd(l)dA dF,  (5)

where dí2 is the volume element associated with the Euler angles in isospace. The re­
maining variables are defined in the intervals

O ^  (j) O S  r  S i n ,  O S  A S  <X).
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W ithin our scheme the operator corresponding to the two-particle transfer process is

(6)
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while the operator associated with the a-transfer is

S± =  zl^e* ‘̂ ''^ co s2 r. (7)

3. Solutions of the kinetic energy term, rigid rotor

The H am iltonian (1) has the deform ation and the ro tational T,^t + Tg+Tg.  ̂
degrees o f freedom formally separated. However a dynamical coupHng between both 
m otions is present since the m om ents o f inertia tha t are associated with the rotations 
in  charge and gauge spaces depend upon A and F. In a more general case even B  will 
also depend upon A and F.

In  this section we are going to  neglect such couphng. Therefore, we assume that 
both  deform ation param eters are frozen a t the equihbrium  valué and F q. W ithin 
this fram ework, the functions ’̂ {A, F ) reduce to  simple constants. The limiting cases 
F q = O [refs. ^)] and F q = may be easily solved.

I f  To =  O (axial symmetry) we see from  (3) tha t applied to the eigenfunction 
m ust give zero, i.e., only a.K = O band exists. In  this case eq. (4) implies tha t the ro ta ­
tional band includes states with T  and M  having the same parity. The energy eigen- 
values, the eigenfunctions and the two-body transfer operators are, respectively

^ró=o = : ^ , ( n T + l )  + M %  (8) 
Zi íA q

\M, T, T,y  =  (9)

=  ± i A o C ^ ^ ‘* ^ l , o { e d -  (10)

The expression (10) yields the m atrix element

|< M ± 1 , T>| =  JoV2r+l|<lT00|r'0>|. ( I I )

The fact tha t there is no /IT  =  O transition imphes that the reaction ( t , p) to  a  State 

o f an odd nucleus with the same T  as the target even-nucleus is forbidden. Thus the 
transition pattern  is practically ¡dentical to  the one arising from  the usual 
ir^l =  I pairing forcé. The main differences lies on the fact that the transition is now 
split, satisfying the triangular relations among the T ’s.

The four-body transfer m atrix element is

|< M ± 2 , T, r , |S * |M , T, T,>| =  A^.  (12)
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Fig. 1. Energy leveis for Af ^  2 and 7  g  5 for the asymmetric rotor as a function o f  Fo ■ Energies 
are given in units o f  2SJo- In each case we give the íT-components o f the wave functions corresponding 
to the limits Fo =  O and Fg =  If Fg =  ¿Ji all the states o f  the ground State bands have 

projection o f the isospin along the intrinsic jc-axis equal to M  (therefore T ¡¡ M ).

The r  o = solution is obtained by requiring that the operator 

Q ¡ + 2 s i n 2 r Q , M  + M ^  (Q, + M f
cos^ 2 f cos^ ir

- Q . M , (13)

should rem ain finite. This implies that the energy eigenfunctions are also eigenfunc- 
tions o f  w ith eigenvalue —M  and tha t the valué o f (13) is M ^ .  Therefore, the ener­
gies are

2BAI BAi
(14)

and only the states with T  ^  M  subsist.
The wave functions and the pair-transfer operator are simply written if we perform  

a cyclic perm utation o f the intrinsic axis such that the new intrinsic z-axis super-



imposes with the oíd intrinsic x-axis. Then

•Am. r, r .  =  (15)

=  ^ o e -^ ''^ [ s m (r  +  Í 7 r ) S ¿ ,_ i - s ¡ n ( r  +  Í7 t)^ ¿ .] , (16)

i.e. in the new reference system, the two-body transfer operator may transfer only 
quasi-neutron and quasi-proton pairs. The reduced m atrix elements o f  ̂ are
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l < M ± i ,  r ' | | # ± ‘ | | M r > |  =  A o K i ,  T, ± 1 ,  M \ r ,  M ± i > | V 2 r + i .  ( 17)

The four-body transfer operator m atrix elements vanish identically in the limit 
To =  \ n .

The r  = 0  eigenvalues o f  (2) can be obtained for any valué o f F q

> M  =  0 , 2 , . . . ,  (18)
2BAl  cos^ 2Fo

which says tha t the energy goes to  oo as Tq -► This is consistent with the fact that 
th e  only states which survive are those with T  ^  M , i n  this limit. F o r any other valúes 
o f  T, eq. (15) can be numerically solved. The energy eigenvalues for T  ^  5 and 
M  = O, 1, 2 are given in fig. 1. The previously discussed features o f Tq =  O and 
r o =  i n  are reproduced. In  addition, it is worthwhile to  m ention the fact that in the 
vicinity o f  f  o =  23°-25° there is a doublet o f excited states with T  =  1, 2 for M  =  O, 
a low T  = l and an excited triplet T  =  1, 2, 3 for tV/ =  1, and a low doublet T  = 0 , 2  
for M  = 2. This spectrum resembles the one corresponding to the vibrational lim it 
[refs. but for the absence o f a T  =  O excited state if Af =  O and for the exis-
tence o f  only one excited T  =  1 state for M  =  1.

The two-body transfer m atrix elements show aiso a great similarity w ith the vibra­
tional scheme in the neighbourhood o f 25° since the transitions (M , T )  <-»■ ( A f T' )  = 
(O, 0) (1, 1), (O, 1) (1, 1), (O, 2) ■<-> (1, 1) are predicted to  be of the same order 
of magnitude, while the (O, 2) <->• (1, 3) should be somewhat stronger [see fig. 2 and 
refs.

The four-particle transfer m atrix elements continuously decrease from  Tq =  O to 
F q =  \ n .  Higher T ’s are seen to  be hindered faster than  lower T ’s as a function o f Tq.  
This hindrance may be understood in the following way; in the rotational lim it the 
four-body transfer can also be calculated as the product o f the two-particle transfer 
m atrix elements connecting the states with M  =  O and 1 times those connecting 
M  =  I and 2. In  spite o f the fact that for Tq =  the first ones are enhanced, the 
second ones are very hindered, since the T =  O, M  =  2 state is forbidden because o f  
symmetry conditions o f the wave functions (see fig. 1).
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Fig. 2. Upper part: Absolute valué o f the a-transfer matrix elements in units o f Zlo -̂ A level schemc 
to the right clarifies the transitions that are plotted as a function o f Fa- Lower part: Absolute valué 
o f  the two-particle transfer matrix elements in units o f  Zlo. A  level scheme to the left shows the transi­

tions that are plotted as a function o f J ’o-

4. The r-independent potential energy surfaces

If
V{A, r) =  V{A),

the coefficients F)  in (4) may be factorized

(19)

(20)

where the two quantum  numbers, n, A, correspond to  the num ber o f  nodes o f the radial 
part o f the wave function and to  the seniority respectively. The radial part
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is the solution o f the differential equation

2B dA

For the particular case o f the harm onic oscillator V = ^CA^,  it is given by

i

( n . X  )

- ( 0 . 4 )  ' 

- 1 0 . 4 )

-{ 1,2) 
- ( 0 , 4 )  

- ( 0 , 4 )  

- I I  ,2) 

- 1 0 . 4 )  

- 1 2  .0 ) ^

2 -------  (0 , 2  1

I -------- (0,2 )
O ------------ ( 1 , 0 )

~ 2(n!) / C y -
-[(n + A + 2)!]̂  W  -

O) =

..fu

(21)

(22)

(23)

^/fiü
l n , X l

- ( 0 , 4 )  

- ( 0 , 4 )  

- ( 0 . 4 )  

-d',2) 
- ( 0 . 4 )  

-(1,2)
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Fig. 3. Energy spectrutn for the harmonic case. All leveis that are grouped by a bracket have the 
same energy but are split in order to display the quantum numbers that are associated with each one. 
Under each group is given (n,, n„) i.e. the number o f removal and addition phonons corresponding 

to each case. The zero-point energy has been removed.

and the L^’̂ ^(p^) are the generalized Laguerre polynomiais The energies are given 
by

E„,x = (2n + X + 3)co, (24)



(seefig .3 ).E ach tim ethat« is  increased by one, for agiven  valué o f A, a pair o f phonons 
coupled to  total isospin O is added and a z(-band is built.

The equation for the remaining variables reads

1 +  2̂ ^
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sin 4 r  d r  d r  cos^ 2 r  sin^ F  cos^ F

=  (25)
s i n 2r

+ 2M (2 ,+  -------- A(A +  4)
eos" 2F eos" 2F

The procedure to  obtain the functions is outlined in ref. ") and follows the
same m ethod as the one applied to the quadrupole case in ref. ®). First a basic set of 
tensors Z j \ ”'{F, <p, 0,) is constructed. This set is given in appendix 1 o f  ref. ") for 
T  ^  2. The solutions o f (25) may be expressed as linear com binations o f this basic set 
with coefñcients tha t are polynomials in x  =  eos 2F, with a definite parity in the 
variable x.

^T,M,   ̂ ^  fT .  ^(x)e-"""«Z Í;'"(r, ed- (26)
y j n  m

The coupled system o f differential equations determining the has either
dim ensions T  or T +  1, according to  the parity o f  M.  Recurrence relations for the co- 
efficients in the polynom ials are obtained in the appendix 1 for T ^  2. By
using (25) and (26) a cióse relationship can be worked out between the g ^ '   ̂and the 

/ 1; The two-body transfer operator has reduced m atrix elements given by

T ,M ± l,Á * T ,M ,X + l
9 k 9 k’

o

M ± l ,  r | i í ^ - ‘ ||n ', A + l .M , T '>  =  ±2¿ V 2 T '+ 1 < « ,/ lp |n ', / l+ 1 >

X  o)
K^O 
K'^O

X (eos F A l ’̂ V - ^ +  sin 4F dF,  (27)

with

<n, Á |p l n - 1, i + 1> =  -  <n, A|p|n, A + 1> =  VA +  rt +  3, (28)

= { l T ' O K ' \ T K y  + { - y ' ^ ^ i í T ' Q - K ’\TKy ,

=  { ( l T ' Í K ' \ T K y  +  <, lT’- í K ' \ T K } )

+ ( - ) " ' ^ ' “ ^ * « i r i K ' | T - K >  +  < i r ' - i K ' | r - K » .  ( 29)

W ithin this scheme the m atrix element o f the operator associated with the a-transfer is 

</i, Á , M ± 2 ,  T, T JS ^In ', A', M, T, 7;>

=  ( - )  ^’" c o s 2 r s i n 4 r d r .  (30)
\ C /  k J o



The m atrix elements o f powers o f A and eos 2F are in principie easy to  com pute 
since they may be reduced to  sums o f integráis o f the form  j  e~ '’̂ p"dp and J x"dx  
respectively.
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5. The pairing-force potential energy surface

The potential energy surface associated with the T  =  1 pairing forcé can be ob- 
tained in the same way as in ref. using as an  intrinsic system the one defined in 
ref. ®), in which quasi-protons and quasi-neutrons are uncoupled. W ithin this frame- 
w ork the two deform ation param eters zl„ and are related to A and F  by

=  zl c o s ( r  +  Í7t),

zlp =  ^  sin ( r  +  Í7t), (31)

therefore

r )  =  =  VoiA,)+Vo{A^),  (32)

Vo{A,) =  <5|//,,p.|0> +  <Ó|/íp3j0>

=  Z sj -  Y  + iGA^i  X  (33)
j  j  j  

in eq. (33) [O) denotes the BCS vacuum for both quasi-protons and quasi-neutrons 
and A,  denotes either A„or A^

|0> =  +  ^ = 1’ - i -  (34)
j mx

Here, crea tes  a  q u a s i-n u c le o n  in  a  q u a n tu m  State j ,  m  w ith  iso b a r ic  sp in  p rojec*

tion T.  The la b e l j ,  m, r denotes th e  time reversed State o f , / ,  m ,  t . W hen (33) is used  

fo r  th e  case o f  two e q u a lly  d eg en era te  y -sh e lls , sep a ra ted  b y  a distance 2e, one gets

(A D - 2 - 1 __________ _̂_________I ^  ^ ^ c o s ^ ( r + i . )
2Qe +  cos^ ( r  +  Í7t)]^ 2 + A^ cos^ (F + in)

^  X  A^ sin^ ( r  + ÍTt)
([e^ +  ¿d̂  sin^ ( r  +  Í7r)]^ 2 + A^ sin^ (F + in)

. (35)

In (35) the dimensionless param eter X  =  QG/s =  GjGc is such that for A' =  1 the 
pairing phase transition takes place.

The contour plots o f (35) are shown in fig. 4. The gradient o f (35) can easily be 
studied by using (32). The first derivatives o f V{A^) vanish at A^ = O and A^ =



Fig. 4. Contour plots o f the T =  1 pairing potential energy surface in units o f  iQ e  for a symmetric 
two-level model. The phase transition takes place for X  =  1. At the left o f  each plot is shown the 
behaviour o f Kpai, as a function o f  Aje  for F  =  0. The gradient from one contour line to the next is 
kept constant in the three plots. For X  >  1 a mínimum is located outside the origin,thereforeshowing  

a permanent distortion o f  the system.



(A'^ - 1 ) .  By further analysis of the second derivative  ̂ it is possible to obtain the 
extrema! points

=  Jp  =  J  =  O m inim um  if X  <  1,

= Ap = á = O máximum if A" >  1,

Al  = A l  = r  =  O m inim um  if  A' >  1. (36)

All other possibilities are saddle points.
The pairing-potential energy-surface is a particular case of a m ore general one, 

which should satisfy the requirem ents of being invariant under rotations in both iso- 
spin and gauge spaces. This in tu rn  implies th a t an arbitrary potential can be expanded 
in integral powers o f A^ and A* cos^ 2F. Therefore these quantities are analogous to  

and eos 3y, respectively, o f the quadrupole case.
Therefore a general expansión is

V { A , r )  = f ^ V , , A ^ \ t K , c o s ^ ^ 2 r ) ,
1=0 s=0

i n  if  I is even, ,
~  \ i ( l - í )  if  / i s o d d .   ̂ ^

In  order to  deal w ith (37), the same m ethod of ref. ^^) can be followed. A t the end 
o f the previous section, we have indicated how to construct the matrix elements o f  
each term  in (37) within the harm onic oscillator basis.

A series expansión o f  (35) can indeed be brought into the form  (37). If, however, 
a diagonalization is attem pted o f a truncated expansión, the results are poor since the

T The valúes o f  the second derivative are related to the frequencies coj and a>r through

i
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(O. = r i  ¡c% ,U ^ ,r) \  1 i- r 1 / 1 r)\  1
Lb^ \ dÂ  / j „ , J

, co¡- =
iBr \Â  J

^ min
where and B¡- are the inertial parameters associated with the A and V  motions. These can be 
obtained using the cranking model prescription and are found to be

=  B„ cos^ { r  +  i n )  +  Bp sin^ ( f  +  ̂ re), Bp =  B„ sin^ ( r  +  i n )  +  Bp cos^ ( r  +  ^Tr), 

Qe^ „ Í2ê^ _ ___________________

+  cos^ (/" +  Í7r)]^ ’ [e^ +  /d  ̂ sin^ ( r  +  iTc)]^ ’

therefore one gets

A" <  1 (minimum at =  Jp  =  0), co¿ =  2 s \ / í - X ,

X  > 1 (m inimum at A„=  A^ = eV X ^ - 1), a>¿ = a>r — 2 & \J X ^ - l .  

These results can also be checked within the RPA approximation ’ ) or in anexactcalculation
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expansión o f Fpa¡r(zl, F)  is o f alternating signs and very slow convergence (a truncated 
series expansión in general behaves improperly at infinity).

Fig. 5. Contour plot o f  fo i X  =  1. In this plot P =  i ,  e =  l and Q  =  10.

Fig. 6. Low-energy levels with M  = O and T ¿  2, obtained with as a function o f  X: In (a)
l̂ mod is chosen to stabilize around F  0; in (b) the mínimum is instead located at F  —

W e have perform ed some numerical calculations with a model potential energy 
surface

n  = 2Qs (38)



tha t behaves in a similar fashion as (35), having a phase transition from  spherical to 
deform ed for 1 ' =  1 (at tha t point the harm onic frequency tends to zero). A qualita- 
tive agreem ent is therefore to be expected with the pairing result for valúes o f  X  tha t 
are cióse to  the transition  región. I f ^  and A" >  1, then co¿ = cof, therefore repro- 
ducing another feature of the potential (35). The param eter a helps to  produce sm ooth 
or sudden phase transitions according to whether high or lew valúes are chosen for it.

In addition, if  (i is chosen to  be negative, the effects o f a minimum 2lí F  = can 
be investigated.

The contour plots o f for X  = 1, are given in fig. 5. If  com pared with the cor- 
responding plot o f fig. 4, the potential is seen to  grow much faster due to  the fact that 
the term  in zl"* is no t partially cancelled by higher-order terms.

The potential (38) has been diagonalized in the basis of all states up to  20 phonons 
for the cases M  = O, T  — O, 1, 2; M  = \, T  = l, 2 and M  = 2, T  = 0. In all these 
calculations, the param eters where fixed at a =  3.0, Í2 =  10, e =  1 and P =

In addition, the inertial param eter B  was chosen to  be Q¡2e^, as in the pairing vi- 
brational limit. I t m ust be borne in mind tha t in the pairing case, B  is al&o a function 
o f A and F. Therefore, a strict com parison o f and Hp¡¡„ is in principie not 
achieved.

In fig. 6 the lowest energy levels for M  =  0 are plotted as a function of the param eter 
X.  The left part o f it shows the efféct o f a phase transition o f the pairing type in which 
the minimum o f the potential energy surface is found at r  =  0° for all valúes o í  X  > 1. 
In  the ro tational limit, a band is built on top of the ground State having only ev en -r 
states. The ¿d-vibrational band (T  =  O, 2) appears degenerate  ̂ with the T-vibration 
( r  =  1 ,2). These features are consistent with the results obtained in exact calcula­
tions

In the right part of fig. 6, p  is chosen negative. In this case, the equilibrium position 
is located at T =  ^ k . The structure o f the ground State band has changed, having the 
same features that were obtained in sect. 3 for the rigid ro to r (see fig. 1). F or both 
P ^  O, the tw o-phonon, T  = O state becomes a member o f a .d-vibrational band. As 
expected, both cases {f¡ ^  0) do not difFer drastically from each other if  A" <  1.

In addition to energy eigenvalues, two- and four-particle transfer m atrix elements 
are calculated. In fig. 7, the transitions connecting states with M  = O and M  =  1 are 
plotted as a function o f X.  The dotted lines correspond to /? <  O and the full lines to 
P > O (pairing-like potential energy surface).

Again a general qualitative agreement is found with known pairing results ' ”). 
The population of the first excited T  = Q state tends to  zero for iarge valúes o f X.  This 
is consistent with the fact that, in that limit, the intrinsic structure of this state differs 
from that o f  the ground state with M  = 1. In the pairing-like case, the same happens 
with the State with T  =  1 and M  =  0. F or j8 <  O, this no longer holds since the T  =  1 
State o f  M  =  O is a m ember o f the ground state ro tational band, therefore having the

t See footnote on previous page.
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same intrinsic structure as the State with M  = 1 and 7 = 1 .  The two-particle transfer 
therefore behaves in a similar fashion as the one populating the T  =  O State. In the 
ro tational limit this two m atrix elements are found to be in the same ratio as the cor- 
responding C lebsch-Gordan coefficients. All these features are also consistent with 
the results obtained in sect. 3 (see fig. 2).

Fig. 7. Two-particle transfer matrix elements connecting M  =  O with M  =  \ states. To the left a 
level scheme clarifies the transitions that are considered. Full lines correspond to the same case as 
to the left o f  fig. 6 (the mínimum o f  ii at F  =  0) and the dotted lines to the same case as to 

the right o f  fig. 6 stabilizes at T  =  in ) .

In fig. 8, the four-body transfer m atrix elements are plotted. The ground State to 
ground State transition for ^  >  O again shows a qualitative agreement with exact 
calculations  ̂̂ ). W hen ^  <  O the corresponding transition is hindered as shown in 
fig. 2.

As an illustration o f the possible deform ations o f the system, we have plotted in 
fig. 9 the probability distribution for the ground State and first ^-vibrational state 
( X =  1.75).

6. Conclusions

In  this paper the adiabatic treatm ent o f the T  = 1 pairing H am iltonian is used in 
order to  investígate the dynamical coupling of rotations and vibrations in isospin 
and gauge spaces.
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This is done foilowing the lines of ref. where four collective (rotational) variables 
and two intrinsic (deform ation) param eters are defined. The solutions o f the six 
dim ensional harm onic oscillator are obtained within this framework. These are used 
as a complete basis within which a general potential can be diagonalized.

Fig. 8. Four-particle transfer matrix elements connecting the T" =  O states o f  M  =  O and 2. To the 
left, a level scheme shows the transitions that are considered. Full lines are obtained with 

stabilizing at 0° while the corresponding dotted line is obtained with stabilizing at J-t .

An alternative way o f building the basic set o f phonon states is to  use two un- 
coupled three dimensional harm onic oscillators tha t are associated with the addition 
and removal modes. This other scheme niay still be the most convenient one to use 
if the anharm onicities are small

The advantage o f the present scheme is that the equilibrium valúes o f the intrinsic 
variables in a deformed case are related to  the gap param eters that are provided by 
the BCS treatm ent.

The limiting case o f a rigid asymmetric ro to r is discussed. The solutions for T =  O 
and r  = ^7t correspond to axially symmetric rotators. However the structure of 
the rotational bands is different in each limit. In the firstcase all states have K = 0  
and all T ’s o f the same parity o f M  are allowed, In  the second, there are present 
all T's  that satisfy T  ^  M . I n  addition in this latter case the four-particle transfer is 
forbidden.
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The A and F  dynamics is studied diagonalizing a model Ham iltonian. The phase 
transition  is properly described and the results are in qualitative agreement with pre- 
vious exact calculations. Furtherm ore this collective description may enable us to deal 
with o ther residual forces acting in the channel with J  =  O and T  = \,  and causing 
the system to stabilize, for instance, a t r  0.

oíf’

Fig. 9. Contour plots o f the probability distribution. The plots are obtained using the m odel 
potential corresponding to fig. 6 (a) with X  =  1.75. Graph (a) represents the ground State and (b) 

the flrst excited State (Zl-vibration). The arrows indícate the equilibrium valué o f  A.

Discussions with Profs. A. Bohr and B. M ottelson and with Drs. R. A. Broglia, 
O. Hansen, E. M aqueda, O. N athan and B. Sorensen are verygratefullyacknowledged. 
The financia! support o f the Fundación Juan Bautista Sauberan is very m uch appre- 
ciated.



Appendix

SOLUTION OF THE T -D E PE N D E N T  PART OF THE WAVE FUNCTIO N  

r  =  0. The general solution is written

=  (A .l)

w h e re /o ’■*(x) satisfies the equation

 ̂ ( l - 3 x ^ ) ~  -  — 3 +iA(A +  4)¡ f S - \ x )  =  0. (A.2) 
dx X dx 4x̂  ̂ /

T hroughout this appendix x  =  eos 2F. The solution o f (A.2) is:

^ o , . ( x ) ^ x ^ |M iY a „ x " .  (A.3)
n =  0

The coefficients in (A.3) are defined by the recurrence relation

314 G. G. DUSSEL eí a/.

(A.4)
{In + M  + A f - M ^  

where
ni =  i{Á (/ +  4 ) - ( 2 n  +  M  +  a)(2n +  M  +  a +  4)}, (A.5)

and =  ^(A —M ) with A and M  even. The overlap integral is

V o ' ^'(x)x dx =  <3, , ,  (A.6)
 ̂o

T  = \,  M  even. The general solution is written:
2 iM 0

\ r ,  0 , 0,) =  / J  - ^(x)i sin 2 r { ^ ‘ ,(0,) -  _ ,(0,)} —  , (A-7)
yj'Tt

where /¿"^ (x ) satisfies the equation

| ( l - x ^ )  + -  ( l - 5 x ^ )  A  -  ^  + i;.(A  +  4 ) - 3 ¡  /o‘- ( x )  =  0. (A.8) 
\  d x  X  dx 4x >

The solution o f (A.8) is

^ma X
/ J - \ x )  =  x ^ '^ I I f l „ x '- ,  (A.9)

n = 0

where the recurrence relation for the coefficients c„ is:

«n + 2 = ------------------------- ;—  > ( A .10)
(2n +  M +  4 )^ -M ^



w ith =  \{X — M —2). Therefore X m ust be even. The overlap integral is
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/ o ' - W o - ^ ' ( x ) ( i - x > d x  =

T  = \,  M  odd. The general solution is written

J jc  y J 2

(A.IO)

V2

- e o s  r { f l ' \ x ) - f í \ \ x ) ) 9 ' r ^ ^ , { e ^ . (A.11)

The two functions f \  a n d / ' j f  satisfy the coupled equations;

l - 4 x ^  d 

dx^ X  dx L 4x^

d^ l - 4 x ^  d 

dx^ X dx

\ M  + í f  A(a +  4 ) - 5 ‘

4x'^
/ ^ A x )

d M - 1 ,

dx 2x

Only the cases M  >  O need to  be considered (the cases M  <  O correspond to  an  inter- 
change o f /¡"*  a n d / i ’/ ) .  The soIutions o f (A. 12) are

f̂ max Wmax
f í - \ x )  =  X  fl„x", /A ’/ ( x )  =  E  b„x". (A .13)

n =  O n =  O

The recurrence relations for their coefRcients are 

«n+4(w +  2)(n +  4)(n + M  + í){n + M  + 3)

+ ̂ n + 2(>^+2)(n + M  + l)(ril + t]2 — l )  + a„r]2ri"o =  O,

»?o
o„ = ---------------

n + M  + l
a„ + (n + 2)a„ + 2 - (A .14)

The overlap integral is



T  = 2, M  even. The general solution is written

2iM^
4>, 00 =  ^

^ {V-|[cos^ r { f o ' ' '+ f 2 ’^+ f - 2^) + ̂ sin^ r { —f o ’^ + f l ’^+ f í ' 2^y]^T^^o{(^d 

+ i s in  ^ i e d + ^ L - Á d d )

+ í s i n ^ r { - f ¿ - ^  + f2^-^ + f h ' ) { ^ l , ^ 2 Í 6 d  + ̂ L - 2 m .  (A.16)

The three functionsf l ’^ ( x ) , f l ' ^ { x )  a n d f h ^ i x )  satisfy the coupled system:

( , - , > )  ^  1  +  _ 3 |  / , - M
áx  X dx 4 4x I
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dx X f I dx X f

¡(, _ , ^ )  +  1 ^ 5 ^ ’ A  +  í < ^ )  -  - 3 ¡  f ¡ - ‘ ^
l dx X dx 4 4x I

=  o,
dx  2x1

d" , l - 5 x "  d A(/ +  4) (M  + 2 f  J  .2 , A, i d  M
( dx^ X dx 4 4x I idx  2x1

(A. 17)

F or M  = O, the K  =  + 1  and K  = 0, ± 2  parts of the wave functions can be decou- 
pled by defining

^,^l = i(x) =  / ^ / - / ^ \  r{x)== + (A.18)

The solutions are, then

Mma* ^max ”max
f ^ - \ x )  = Y ^ a „ x \  = , y -  =  X S „ x " " ‘. (A.19)

n = 0 n = 0 /i = 0

The recurrence relations for the coefficients are

(« + 2 )(n  +  4)

(n +  2 )^ (« + 4 )X  + 4 +  0i +  2)^[??6 +  í?4 -4 ]a„  + 2 +  >7'2'7>. =  O,’
. _  1 ni u  , =  0,2.

2 n + 2

F or M  jí O (only M  > O need to  be considered) the solutions can be written

^max ^max ^mnx
= X^^  Z  f 2 ' \ x )  =  X  b„x'\ r - 2\ x )  =  X  C„X".

n =  0 n = 0 n ~ 0

(A.21)



The corresponding recurrence relations for their coefficients are

(n + M)

=  o. +  : ^ ™ : ^ ( ' / 2  +  '7S -2)/.„ .2  +  K « +  2)(n +  4^^^
2(n + M)(n + M  + 2) 2{n + M  + 2)

O =  fllfl2^ob„ + {n + 2){n +M)r¡l{tj"2 + r]l + r]l—4)b„ + 2

+  (n +  2)(n +  4)(n +  M)(n +  M  +  2)(r¡4 + r¡l + t]l — 4)b„ + 4,

+  (n +  2){n +  4)(n +  6)(n +  M ){n + M  + 2){n +  M  +  4)¿„ + g . (A .22)

The overlap integral is
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H ^ { f o - V t ' ' + f - ' 2 )  + f ¿ ’V 2 ’'  + f - ’2 ) n x d x  =  (A.23)

T  = 2, M  odd. The general solution is written

2iM̂
4>, 00 =  V - s i n 2 r

s jn

(A.24)
Here / "̂ (x) and / i ’ í(x ) satisfy the coupled equations 

i' ’ áx^ X  dx 4 4 4x" )

I d ^ « + ‘ I 

/ 2 , í

The solutions o f  (A .25) are
”max ^ma*fl-\x) = X /-’/W = Z b̂x", (A.26)
n =  O /I =  O

where the coefficients are determined by means of the recurrence relations 

ü„ + ̂ (̂ n -\- 2)(n +  4)(/í +  M  +  l)(n  +  M  +  3) +  ^„ + 2(^ +  +  A /  +  1)(^4 +  ^)

+ r,l>i:a„ = o, (A.27)



t>n = + ( ” +  2 K  + 2-
(n + M  + l)

The overlap integral is
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